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Overview and Summary

The Method of Lagrange Multipliers is used to determine the stationary points (including extrema) of a
real function f(r) subject to some number of (holonomic) constraints.

The main purpose of this document is to provide a solid derivation of the method and thus to show
why the method works. A geometric derivation is presented in Section 1 while an alternate matrix-based
derivation appears in Section 6.

A secondary purpose is to provide some interesting and illustrative examples. Examples 1, 2 and 3
are geometric examples in 3, 4 and N dimensions. Example 4 concerns extremal distances between a
circle and an ellipse. Extended Example 5 involves the Boltzmann distribution of statistical mechanics
where the variables Nj are state population counts. Finally, Appendix D gives several examples from
classical Lagrangian dynamics (with all supporting material) in which a functional F(¢@) is rendered
stationary rather than a function like f(r). In these examples the variables are functions ¢; known as
generalized coordinates.

Here is a concise summary of the document:

Section 1 defines a stationary point r of a function f(r) subject to constraints. It then proves Theorem 1
which says that iff r is such a stationary point, then constants A; must exist so that a certain gradient

statement is true. The A; are the "Lagrange Multipliers".

Section 2 presents the Method of Lagrange Multipliers as Theorem 2. This theorem is really just a
recasting of Theorem 1, so Theorem 1 <> Theorem 2 and the derivation of Theorem 2 is trivial.

Section 3 gives three detailed examples involving hemispheres in 3,4 and N dimensions, with 1, 2 and S
constraints respectively.

Section 4 does a numerical example to find the extremal distances between a circle and an ellipse which
are coplanar.

Section 5 presents a more sophisticated physics example associated with the name Boltzmann wherein
one determines the particle populations of energy levels in the context of statistical mechanics and
thermal equilibrium. This self-contained section first treats the case of discrete energy levels with a
numerical example involving three levels. It then examines a case with continuous energy levels and
derives the well-known Maxwell-Boltzmann distribution. Numbers are obtained for a small box of helium
atoms. It is shown for example that such atoms at room temperature have a mean speed of 2,780 mph.

Section 6 derives Theorem 1 in a manner totally different from the derivation presented in Section 1. The
function f(r) and the constraint functions are treated as variables of a certain transformation which has a
"differential matrix" called R(r). Theorem 3 is then proven, claiming that iff r is a stationary point, then
the rank of the matrix R(r) falls below full rank and this in turn implies Theorem 1.



Appendix A proves for a general n x m matrix that column rank = row rank = rank. This fact is used in
the proof of Theorem 3 in Section 6.

Appendix B derives a batch of facts about determinants some of which are used in Appendix A. This is a
standalone section that might be a useful derivation resource for workers who deal with matrices.

Appendix C gives examples of intersecting constraint surfaces and discusses the notion of eliminating
variables using constraint equations, as is done in the proof Section 6. It concludes with an explanation of
why a constraint equation a(r) = 0 with r = (x1,X2.....Xx) can be interpreted as a surface in E".

Appendix D presents two applications of Lagrange Multipliers in classical Lagrangian mechanics.

References (not many) are provided on the last page.

The general tone is more that of an engineer or physicist, not that of an abstract mathematician.
Maple code is used where it seems useful to implement calculations or display graphs.
When an earlier equation is quoted, its equation number is put in italics.

We often use the abbreviations 0;if = of/0x; = % . Sometimes we also use f; = %



1. Finding the stationary points of a function subject to constraints

Here we develop a method for finding the stationary points of a function f(r) subject to a set of constraint
conditions a;(r) = 0. This method does involve "Lagrange multipliers", but the Method of Lagrange
Multipliers is usually stated in the equivalent form shown in Section 2. Nevertheless, the proof of the
method is presented below in this section.

In the following r = (x1,X2.....Xy) is a point in Euclidian space E".

Preliminary Facts about Surfaces

Fact 1: The equation F(x1,X2.....xy) = K defines an N-1 dimensional surface in EN. (1.1)

For example, F(x,y,z) = x2+y2+22 with F = R? describes a spherical 2D surface of radius R in E3.
F(x,y) = x*+y? with F= R? describes a 1D surface (curve) in E?, a circle .

See the discussion starting at (C.16) in Appendix C for more details about Fact 1.
Fact 2: The vector VF(r) is always normal to the surface F(r) = K at point r. (1.2)

Proof: Start at point r on the surface F(r) = K and move a small distance dr in an arbitrary direction
along the surface. Since one stays on the surface, F(r+dr) = K. Then dF = F(r+dr) - F(r) = 0. But one
knows that dF = VF e dr so, in order that dF = 0 for an arbitrary dr displacement on the surface, VF(r)
must be locally normal to the surface at point r.

Definition: As K takes a set of different values K3, Ks.....Ky, the equation F(x1,x5.....xn) =K describes a
family of so-called level surfaces (level sets). If M is large and the range of the K; is small, these
surfaces will be closely spaced. Adjacent surfaces then have nearly the same shape, although in general

all the surfaces in the family of surfaces do not have the same shape. (1.3)

Example: F(x,y) = )(2-1-2y4 and F=K for K=1 to 10. Here "level surfaces" means "level curves".

restart ;with(plots)

F o= x"2+2%y"4,

55=x2+2y4
implicitplot({seq(F = K, ,E=1..10)},x=-4..4,y=-2. .2 ,scaling=constrained, numpoints=1000,
color = blue),



(1.4)
Fact 3: The gradient VF points in the direction in which F changes most rapidly. (1.5)

Proof: For tiny displacement dr, dF = VF e dr is largest positive when dr points in the direction of VF
("uphill"). And dF = VF e dr is largest negative when dr points opposite the direction of VF ("downhill").

For the above example VF = 2x% + 8y3 § we can superpose this gradient field on the above level curves
using a Maple fieldplot routine,

fieldplot([2*x,8*%y" 3] ,x=-3..3, y=-1.5..1.5,thickness=2});
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Wherever a gradient arrow base lies on a level curve, the arrow is normal to the curve and points in the
direction in which the function X2+2y increases most rapidly. Thinking of z = f(x,y) = x2+2y4, the blue
lines above are the level curves of an oblong bowl into which the viewer is looking, and the gradient
arrows all point uphill on the bowl surface. The arrows are longer where the level curves lines (contour
lines, topo lines) are closer together.



The Intersection Constraint Surface A(r) =0

Assume that a point r = (x1, X2 ... xy) in E" is required to satisfy C constraint equations,
ai(r)=0 i=1,2.C . // constraints (1.7)

According to Fact 1 above, each constraint equation defines a surface of dimension N-1 in EY. Our point r

must lie simultaneously on all C constraint surfaces. The intersection of all these constraint surfaces is in
fact an intersection constraint surface of dimension N-C in EY whose constraint function we shall call
A(r). In symbolic form we write

(A(r)=0) = (a1(r)=0) N (az(r)=0) N ....n (ac(r) =0) . (1.8)
dimension: N-C N-1 N-1 N-1

Barring degenerate cases (which we shall ignore in the following general discussion) each extra constraint
lowers the dimensionality of the intersecting constraint surface by 1 degree of freedom. We assume that
the intersection constraint surface is not null, otherwise our problem of interest would have no solutions.
The intersection surface could in general have multiple disjoint pieces.

If there are no constraints, all points in EN are "allowed". If there is one constraint a1 (r) = 0, then A(r) =
a1(r). For two constraint surfaces a;(r) = 0 and ax(r) = 0, one must compute the intersecting constraint
surface (A(r) = 0) which we symbolically write as (a1(r) = 0) N (ax(r) = 0).

Example: N =3 and C =2 constraints. Suppose in E3 there are two constraints as follows :

a1(X1,X2,X3) = X12 + X22 + X32 222 =0
a2(X1,X2,X3) = (x1-2)° + x22 +x3% - 2% =0. (1.9)

Each of these constraints describes a surface of dimension 2 in E> (a sphere of radius 2). These two
spheres intersect in a circle x22 + x32 = 3, so the intersection surface has dimension 1 in E3. This agrees
with N-C = 1. Here is a crude drawing, where the intersection constraint surface (edge-on circle) is red,

X3

a=0 b=0

X2 (1.10)



In this example one has A(r) = x22 + x32 - 3 and then A(r) = 0 is the equation of the intersection
constraint surface. If the origin of the second sphere were moved to x1= 4 (slide right sphere to the right 2
units), one has a degenerate case where the intersection constraint surface is just a point and so has
dimension 0. Further separation of the spheres results in a null intersection surface. Setting x; = 0 aligns
the two spheres for another degenerate case, resulting in the intersection surface having dimension 2.

Definitions: The tangent space and the perp space at r

Consider a point r located on (A(r)=0). As noted above, this intersection constraint surface (A(r)=0) is a
surface of dimension N-C embedded in EN. Therefore at r one can construct a set of N-C independent
vectors dr such that r+dr also lies on the intersection constraint surface, so both A(r) =0 and A(r+dr) =
0. These N-C independent vectors span a vector space (dimension N-C) at point r on the surface known
as the tangent space at point r. These vectors dr are all "tangent to" the surface. (1.1D)

There is another vector space within EN at point r of dimension N - (N-C) = C which is orthogonal to the
tangent space, and we shall call it the perp space at r. If dr is any vector in the tangent space at r, and N
is a vector in the perp space at r, then N e dr = 0. So one can find C linearly independent vectors N such
that N e dr = 0 and all these N vectors are normal to surface (A(r)=0) at r. (1.12)

As the point r moves on the surface (A(r)=0), the axes of both the tangent space and the perp space also
move, perhaps rotating a bit. The union of the set of N-C basis vectors of the tangent space at r and the set
of C basis vectors of the perp space at r forms a basis for EN.

Summarizing the above:

Fact 4: Let M = (A(r)=0) embedded in E" represent the intersection constraint surface of C constraint
surfaces (a;(r) = 0). The dimension of surface M, and the dimension of the tangent space at any r on M, is
N-C, while the dimension of the perp space at any r on M is C. (1.13)

Fact 5: If A e dr = 0 for all dr in the tangent space at r, then A lies in the perp space at r. (1.14)

Usually in such discussions one regards the surfaces involved as having smoothness properties which
make them be manifolds. If the intersecting constraint surface is a manifold M, then the tangent space at
r on M is often denoted as T:M and the perp space as (TzM)".

For example, in Fig 1.10 for E* we started with two constraint spheres and the intersection constraint
surface is the edge-on circle shown in red. Since this is a surface of dimension 1, the tangent space has
dimension 1 and the perp space has dimension 2. At any point r on a circle embedded in E?, there is only
one +dr direction which keeps one on the circle, but one could construct two linearly independent normal
vectors at r. On the other hand, if either sphere were the only constraint in the problem, the tangent space
would have dimension 2 and the perp space dimension 1. At a point on the sphere there is only one
normal vector direction in E>,



Fact 6: If dr lies in the tangent space of a point r on the intersection constraint surface, then Va;(r) e dr

= 0 and so the vectors Va;(r) lie in the perp space at r. (1.15)

Proof: Let r be a point on (A(r)=0) and let dr be a vector in the tangent space at r on (A(r)=0). This
means that both r and r + dr lie on the intersection constraint surface (A(r)=0), so dA = A(r+dr) = A(r) =
0. Since this surface is the intersection of all the (a;(r)=0) component surfaces, it is also true that da;=

ai(r+dr) = aj(r) = 0 for each surface i. But da; = Vai(r) e dr so we have 0 = Va;i(r) e dr. Therefore, if
dr is any vector in the tangent space, then Va;(r) e dr = 0. From Fact 5 one concludes that Va;(r) must
lie in the perp space at r on (A(r)=0).

Comment: Avoiding gradient confusion

Let r be a point in EY. Consider the equation u = f(r) which maps E™ to E'. Construct a space EN** having
coordinates (r,u). Let g(r,u) = f(r) - u be a function on this new EN*!. The equation u = f(r) is the same as

the equation g(r,u) = 0. The equation g(r,u) = 0 is, according to Fact 1, a surface of dimension N in EN*2.

V™D o(r u) which is a vector in EN*. For any

From Fact 2, a normal to this surface is given by
reasonable smooth surface, this normal vector cannot be null. On the other hand, the vector V"™V f(r) is a
vector in EN and there is no reason why this vector cannot be null. We write this as Vf(r) below. If this

paragraph seems confusing, reread it thinking of N =2 so u = f(r) = f(x,y) is a regular surface in E3.

The Stationary Point Problem

STATIONARY POINT (NO CONSTRAINTS)
We know that if we move from r to r+dr, where dr is any dr, the differential change in f(r) is given by
df(dr) = f(r+dr) - f(r) = Vf(r) e dr, dr = any differential vector in EN . (1.16)

If for some r it happens that Vf{(r) = 0, then the above says df = 0 and so r is a stationary point (also
known as a critical point) of the function f(r). That is to say, the phrase "r is a stationary point of f(r)"
means that df(dr) = 0 for any dr.

In this problem there are no constraints specifying legal values for r. All points r in E™ are legal. For r in
E? the reader is no doubt familiar with the fact that, for u = f(r) plotted in E3, such a stationary point

could occur at a hill top, or a valley bottom, or a saddle point (which is neither a maximum or a
minimum). For fun, go look up "monkey saddle".

STATIONARY POINT (WITH CONSTRAINTS)
Let r lie on the intersection constraint surface (A(r)=0). Now the only "allowed" dr are vectors in the
tangent space for this r, because any other dr will violate at least one constraint since it will take us off

the intersecting constraint surface. We modify the previous equation to say

df(dr) = f(r+dr) - f(r) = V1(r) e dr, dr = any diff. vector lying in the tangent space at r (1.17)



If one could find a value of r such that Vf(r) = 0 and A(r) = 0, one would have df = 0 and such an r
would be a stationary point of "f(r) subject to A(r) = 0", but this situation is generally very unlikely.
Instead, we define a stationary point as follows:

Definition: If r lies on A(r) = 0, then r is a "stationary point of f(r) subject to A(r) = 0" if df(dr)=0 for

any dr in the tangent space of (A(r)=0) at point r. In simple terms, r is a stationary point if df(dr) = 0 for
all "constraint-allowed" dr displacements. (1.18)

Since df(dr) = Vf{(r) e dr, this requirement will certainly be met in the special case just noted that V{(r) =
0 and A(r) = 0, but the above definition is more general and there will be stationary points for which
VAi(r) #0.

Fact 7: Ifr is a stationary point of f(r), then Vf(r) must lie in the perp space of (A(r)=0) at r. (1.19)

Proof: Ifr is a stationary point, then by definition df = Vf(r) e dr = 0 for any dr in the tangent space at r.
Then by Fact 5 Vf(r) must lie in the perp space at r.

In the special case Vf(r) = 0 and A(r) = 0 we have noted that r is a stationary point, but we now look for
stationary points for which Vf(r) # 0.

Consider the set of C+1 vectors {Vai(r), V{(r)}. From Facts 6 and 7 we know that all C+1 vectors must
lie in the perp space at r. According to Fact 4, the dimensionality of the perp space at r is C. Therefore,
the vectors {Va;(r), Vf(r)} for i = 1 to C must be linearly dependent (see (6.1.6) below) -- one cannot

have C+1 independent vectors in a space of dimension C. This means that one can find a set of constants
A'i (not all 0) fori=1 to C such that

NoVA(r) + T2 X's Vas(r)=0 . (1.20)

If Mo = 0, then oS A\ Vai(r) = 0 which means the Va;(r) are linearly dependent at point r. We
explicitly rule out this case by requiring that the aj(r) are such that the C vectors Vai(r) are linearly
independent near any point r where we might have a stationary point.

So assuming then that A'g # 0, define A; = A'3/A'g to get this new version of (1.20),

VA(r) + 2321 A5 Vai(r)=0. (1.21)
We have just proven the following theorem:
If a point r is a stationary point for f(r) subject to constraints a;(r) = 0, then the following are true :

(a) ai(r)=0 fori=1,2...C (point r must satisfy all the constraints )
(b) There must exist C constants A such that V(r) + 2321 A; Vas(r)=0. (1.22)



Conversely, suppose we can find a set of A; such that the above two conditions are met for some r. Let
dr be a vector in the tangent space at r. We then compute

df =Vfedr =[-Z;21% ;s Vas(r)] edr= - ;2% 2; [ Vas(r)edr] . (1.23)

But we know from Fact 6 that Vai(r) e dr = 0 for dr in the tangent space, and therefore df = 0 for any
such dr, and therefore r is a stationary point. Thus we improve the above Theorem to get

Theorem 1: A point r is a "stationary point for f(r) subject to constraints a;(r) =0" < (1.24)

(a) ai(r)=0 fori=1,2...C (point r must satisfy all the constraints )
(b) There exist C constants A; such that Vf(r) + £3-1 A3 Va;(r)=0.

Corollary: If r satisfies all the constraints [r lies on (A(r)=0)] but r is not a stationary point of f(r), then
there exists no equation of the form Vf(r) + Z;-1€ A; Va;(r) = 0. That is to say, there is no set of real
numbers A; which makes this equation be true. In this case the vectors {Vai(r), Vf(r)} are linearly
independent. (1.25)

The constants A; are referred to as Lagrange Multipliers.

10



2. The Method of Lagrange Multipliers
The object is to solve this problem:

Find the stationary points r of function f(r) subject to C constraints a;(r) =0 . 2.1
Define the following function of N+C variables r = (X1, X2....Xy) and & = (A1,A2....Ac),

H(r,A) = f(r) + Zi=1\sa3(r) = f(r) + AL ea(r) . 2.2)
We then have the following theorem concerning this function H :
Theorem 2: Method of Lagrange Multipliers 2.3)

The stationary points r in EY of the function f(r) subject to C constraints a;(r) = 0 are the same as the r

values obtained from finding stationary points (r,%) in EN*¢

of the unconstrained function H(r,A) .
Proof:

Compute the unconstrained stationary points (r,A) of H by setting all N+C partial derivatives to 0,

0=0H/0\; = ai(r) for coordinates A; 1=1..C
0= OH/Oxx = Of(r)/dxx+ Si=1° A30a;(r)/Oxk for coordinates xx k=1..N . (2.4)
Rewrite as

aj(r)y=0 fori=1,2...C
VA(r) + 2321 A Vai(r)=0. // and therefore this equations exists 2.5

But we have already proven in Theorem 1 (1.24) that the conditions (2.5) are necessary and sufficient for
r to be a stationary point of function f(r) subject to C constraints a;(r) = 0, so that then concludes the

proof of Theorem 2.

We now write out these equations in more detail:

al(r) =0
ax(r)=0
ac(r)=0 // C equations (2.6)

011(r) + AM01a1(r) + Ax012a2(r) + ... +Ac O1ac(r) =0
62f(r) + 7\.18231(1’) + )\.26232(1‘) + ... +Ae azac(l’) =0

Onf(r) + A10xas(r) + Aal0yaz(r) + ... + Ac Onac(r) =0 . // N equations 2.7

11



Since all the functions in these equations are known (since f(r) and all the constraints are known), it is in
principle possible to solve the equations for r and the A;. Then those solution stationary points r need to
be studied more to see if they really solve the problem of interest (max, min, saddle, etc). In general the
various functions of r are non-linear and not just polynomials, and there are likely to be multiple
candidate solutions. A numeric solution may be required. The Method of Lagrange Multipliers provides
no silver bullet for solving these equations. Most examples one sees in texts and on the web have very
simple functions allowing a straightforward analytic solution.

Since the A; appear linearly in (2.7), it is possible to obtain expressions for the A; as follows. First, write
out the equations (2.7) in matrix form,

61 81a1 6132 61ac 7\.1
Oof 0 0 .. O A

| 92 _ 281 0242 2ac 2 (2.8)
6Nf aNal 8Naz 8Nac A

where the matrix has C columns (one column for each constraint) and N rows. In general one must have
N > C+1 so the matrix is "tall" -- it has more rows than columns. Recall that the intersection constraint
surface (A(r)=0) has dimension N-C. If one were to allow N < C, this surface would have negative
dimension so the problem is overconstrained. If N = C, then (A(r)=0) has dimension 0 so the problem is
constrained to a single point r in EY. This point either is or is not a stationary point according to Theorem

1 so there is no real stationarity problem to solve.

Taking only the first C rows of the above matrix equation, one finds

61 81a1 6132 61ac 7\.1
Oof 0 0 .. O A

| 92 _ 281 0242 2ac 2 2.9)
acf 8c31 acaz acac A

where the matrix is now square, CxC. Assuming this matrix has non-zero determinant, one can invert
(2.9) to obtain expressions for the Lagrange multipliers A;(r) as functions of r. These A; functions can be
inserted into equations (2.7) and then one can proceed to solve equations (2.6) and (2.7) for r.

By making different versions of (2.9) taking different sets of C rows from (2.8), one may produce
several different sets of {Ai(r)} corresponding to different solutions r. Each stationary point will have its
own set of Lagrange Multipliers { A;}, a fact which follows from Theorem 2. This will be clearly
illustrated in Example 4 below.

Stationary Points vs. Extremal Points

The Method of Lagrange Multipliers identifies stationary points of f some of which may be extremal
points. We have not mentioned the domain of f : EY — reals, but in most problems there is some restricted
domain of interest for r in f(r) and an extremum might occur on the boundary of that domain, in which
case it won't be picked up by the Method of Lagrange Multipliers. The following 1D function f(x) plotted
in red illustrates this point and shows various cases which can arise with stationary points :

12



f(x)

X —
(2.10)

Here the domain of interest is the portion of the x axis lying between the two thin vertical bars. Point a is
the true minimum and occurs at a boundary. Point b is the true global maximum, while point e is only a
local maximum. Point d wants to be the global minimum but is trumped by point a. Point ¢ has Oxf = 0
but is neither a local minimum nor a local maximum -- it is the 1D analog of a saddle point. Had points b
and e the same height, there would be two equal global maxima. All these situations can occur for general
f(r).

Comments

1. For the Lagrange Multiplier method to be valid, the functions f(r) and a;(r) must be continuous and
differentiable in all arguments x; and the derivatives must also be continuous. The functions are
therefore C° and C®. This ensures that the gradients in (2.4) are smooth continuous functions. The
constraints are also assumed to be independent in that none can be written as a linear combination of the
others, such as as(r) = 2a;(r) + ax(r). In this case if a;(r) = 0 and ax(r) = 0, then a3(r) = 0 and a3 adds
nothing new.

2. The A4 terms in (2.5) often appear with minus signs in place of plus signs. This removes the minus
signs in (2.8) and (2.9). These signs are just a convention and have no effect on the solution points r.

3. The function H in (2.2) is sometimes referred to as the Lagrangian and is written L. This Lagrangian
differs from that which appears in the Lagrangian formulation of classical mechanics which we define in
(D.38) of Appendix D. Here we show the connection.
In (2.2) the function H is defined by,

H(r,h) = f(r) + Zi-1%hsas(r) . 2.2)
We require that

dH =0 @2.11)

from which we conclude in (2.4) that a; (r) = 0 and
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OH  of(r) c, Oa(r) _
B = o TS =0 k=12,.N . (2.12)

The N coordinates xy are the components of r = (X1, X2, ....Xy).

In Appendix D the object that most closely corresponds to H is the action S, where
t2 .
S= [ dtLig(0. 0. 1). (2.13)

where L is the classical Lagrangian.
The N coordinates qx(t) are the generalized coordinates (functions) of the Lagrange problem.
We require, similar to (2.11), that
8S=0. (2.14)

This produces a set of modified Euler-Lagrange equations (D.55) which closely ressemble those in (2.12),

oL d JL c . Oas
_— + 3. _ . — = =
oqe  dt aqk) Yi=1 Ai p. 0 k=1,2..N (2.15)
of c aai _ _
Xn +Xi-1 Ad Xn =0 k=1,2,..N . (2.]2)
of oL d JL
Here the role played by O%e in (2.12) is assumed by ( _5qk_ it —aqk) in (2.15). Just how this last

expression arises from S = 0 is shown at the end of Appendix D.
The main point is that H is not the Lagrangian L, but is rather analogous to the time integral of the

Lagrangian L which is the action S of (2.13). In the case of H we do a simple calculus variation dH
relative to the coordinates xx, whereas for S we do a functional variation 8S relative to the generalized

coordinate functions qx(t).

It is of course OK to refer to H as "the Lagrangian" as long as one understands this differs from L.
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3. Three simple examples

In this section the Method of Lagrange Multipliers is used to find stationary points for simple surfaces
subject to simple constraints. Example 1 has r in E?, while Example 2 has r in E3. Note that the surface
graphs for these examples, being of the form u = f(r), are in E* and E*.

Each of these examples could be reviewed in perhaps two small paragraphs. Instead, we have chosen
to pour out a plethora of descriptive text with drawings in an attempt to hammer home the basic ideas
presented abstractly in the previous sections.

The final Example 3 has r in E" and generalizes Examples 1 and 2.

3.1 Example 1: 3-dimensional hemisphere with one simple constraint

The situation in E3

Letr = (x,y) in E? and let u = f(x,y) = + \/ 4 - x%- y2 represent the surface of a sphere (radius R = 2) in E?
centered at the origin. We consider only the upper half of this surface, and we wish to find (x,y) that
maximizes f. If there are no constraints, then (1.16) says Vf = 0. The only place on our u = f surface
having V=0 is the north pole of the sphere. This is just a regular "critical point" where 0xf = 0 and Oyf
= 0, so we are happy with this interpretation of (1.24b) with no constraints, C = 0.

We now add a constraint a(x,y) = 0 where a(x,y) = y-1. This constraint is the line y=1 in the x-y plane
E?. We can extrude this line into a planey=11n E>. The hemispherical surface is a 2D surface in E3, and
the extruded constraint plane is also a 2D surface in E3. These 2D surfaces intersect in a 1D surface which
is a curve. There is hopefully some point on this curve which corresponds to a stationary point for f.

Below is a picture of the sphere. The intersection of the upper spherical surface with the plane y =1 is
shown as a red curve (a half circle). Due to the constraint, we cannot get to the north pole so the
maximum value of f is some value less than that u = 2 at the north pole. The stationary point of this
constrained problem will be at point A, and point B is not a stationary point .

(3.1.1)
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We pause to see how this example fits into the general formalism. The space shown above in which we
are plotting the graph u = f(x,y) is EM*! whereas the space which holds r = (x,y) is EY, and N = 2. This r-

space E? is the equatorial plane in (3.1.1) and it is in this plane that we work when doing the Lagrange
Multiplier analysis.

What is potentially misleading is the notion of surface and gradient. A sphere of radius r is described
by R(r) = r where R(r) = \/eryLru2 . In spherical coordinates one easily computes that VR = (0.R) £ =
£, and this is indeed normal to the sphere at every point on it, as predicted by Fact 2 (1.2) . Similarly, the

y=1 plane constraint function a(x,y) = y-1 = 0 has Va = § and this is everywhere normal to the constraint
plane.

The potential confusion is that the Lagrange Multiplier Show does not play out on the stage shown in
Fig (3.1.1). It plays out, as just noted, in the u = 0 plane of Fig (3.1.1) which is E?. The gradients of
interest are 2D gradients in this plane, not the 3D gradients of surfaces in (3.1.1).

Here then is plane of interest, oriented with the x axis down,

7
S

2

>

(3.1.2)

We wish to maximize the function f(x,y) = /4 - x2- y2 subject to the constraint y = 1. In (3.1.1) the
spherical surface is u2+x2~l—y2 =R%?=4, s0 f(x,y) is then height u. So the function \/ 4 - x>- y2 = \/ 4-1?
(r is now the 2D r) is the height of the hemisphere in Fig (3.1.1) above the point (x,y). If we consider
f(x,y) = K for a set of K values, we get a set of level curves in (3.1.2) which are circles with r = \/4—K2 .
On each circle in (3.1.2), the height of the sphere lying over the surface in (3.1.1) is constant -- that is why
they are called level curves. Think of these as lines of latitude projected onto the u=0 equatorial plane.

In this problem there is only C = 1 constraint. In the general formalism we would refer to this
constraint and its Lagrange multiplier as a; and A1, but here we shall just call them a and A.

The constraint is a(x,y) = 0 with constraint function a(x,y) = y-1, and the constraint y = 1 is shown as
the red line in (3.1.2). We have,
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f=\/4-x2-y2 =\/4-r2

a=y-1 (3.1.3)
SO

VI =V4/4-1° = [—r/\[4—r§] 'y // 2D gradients

Va=V(y-1)=9. (3.1.4)

For any point r in the disk of (3.1.2), Vf therefore points toward the disk center, and this is then the uphill
direction for the hemisphere in (3.1.1). In Cartesian coordinates,

VE =VA[4-x2-y2 =-(x/DR - (y/D = \/ﬁ_yz R \/ﬁ_yz 9. (3.1.5)

Now for just one constraint (1.24b) reads,
Vi(r) = —AVa(r). (3.1.6)

How do we make geometric sense of this equation? Ifr is stationary point, we should have df = 0 for any
legal small displacement dr starting at this point r. Eq. (3.1.6) dotted into dr then says,

0= df=Vf(r)edr = —AVa(r) e dr. (3.1.7)

If we displace dr in any direction on the constraint surface (which from Fact 2 has normal Va(r)), then
Va(r) e dr = 0 and we find df = 0, so we are thus af a stationary point of f. For other values of position r
we will find either that df > 0 or df < 0 if we move dr along the constraint surface. If we are looking for a
maximum of f, for example, then it is to our advantage to move a little dr in a direction for which df > 0.
Doing this repeatedly with a computer program (e.g. GNU Octave freeware) to find a maximum
(minimum) of f is called the method of gradient ascent (descent).

In our example with only one constraint, (3.1.6) says that we have reached a stationary point when V{
and Va are collinear. Let's draw onto (3.1.2) the points a and b which lie under points A and B in (3.1.1),
and we include a point b' which is a mirror image of b :

(5
=

h 4
<

N\
—]

x

(3.1.8)
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At each of the points a,b,b' we show VT in black and Va in red. At point a we have reached the closest
distance to the center that is allowed for points on the red constraint line, so this will correspond to the
maximum value of f, which is point A in (3.1.1). At point a we see that in fact the two gradients are
collinear as required by (3.1.6) at a stationary point.

Suppose we are at point b. We may compute df for a small displacement upwards (minus x direction)

df(b)=Vfedr =[-(x/DX - (y/HY ] e |dx|(-}) = |dx| (x/) >0 since x>0 and £>0 . (3.1.9)

Since df > 0, it is to our advantage in finding max f to move upwards in (3.1.8). Conversely, suppose we
are instead at point b'. Then moving toward a gives,

df(b)=Vfedr =[- DX - (y/Hy ] e |dx|(X)=|dx| (-x/f) >0 since x<0 and >0 (3.1.10)

and again we find that df > 0. From either starting position b or b', moving toward point a is a win.

In this Example Va = V(y-1) = § spans the 1 dimensional perp space at any point r on the constraint
surface A(r) = 0, that is, y = 1. Similarly, & spans the 1 dimensional tangent space at any r on A(r) = 0.

Finding the stationary point

It is an easy matter to compute the solution value of the Lagrange Multiplier A1 and r. Inserting (3.1.4)
into (3.1.6) gives

Vi(r) = —AVa(r) =

X y
'\/4-x2-y2 R -’\/4-X2-y2§’ :'9\49 . (3.1.11)

This says x = 0, and then using the constrainty = 1,

1
— § =9 = A=1A/3. (3.1.12)

We have thus found the following stationary point r and Lagrange multiplier A for Example 1:

r=(0,1) A= 1A3. (3.1.13)

Therefore the height of point A in Fig (3.1.1) isu =\/4 -x*-y® =\/4 -0%- 17 =\/§ .

Now consider, setting (x,y) = (X1,X2),

f=~[4 - x12- x52

8if=(1/2) 1 (-2x3) = - xs/f

OPif=-[f*1-x30:f]/ 2 =-[f - xa(xs/D]/ 2 = - (1) - (xi/H? <0 (3.1.14)
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Thus &%.f < 0 and &%f < 0 for all points (x1,X2) on the equatorial disk under the hemisphere, as is

intuitively obvious. Thus these two inequalities apply at the obtained stationary point r, and this confirms
that this stationary point is a maximum of the function f.

A look at H(x,y,A) .

Theorem 2 of (2.3) claims that the unconstrained "Lagrangian" H(x,y,A) = f(x,y) +A(y-1) should have a
stationary point at the point (x,y,A) = (0,1,1/\/3 ) shown in (3.1.13). Consider first,

OH/OA = (y-1) = 0 at the point (X,y,A) = (0,1,1/\/3 ) // '\ partial is O at stationary point
O®H/oN% =0 // since H is linear in A // no A curvature anywhere (3.1.15)
Next,

OxH = Oxf + A0xa = 0xf =-x/f =0at (0,1,1/\/§ ) // x partial is O at stationary point
OyH = 0yf + hoya=-y/f+ A = -1/\/5 +1A/3 =0 //'y partial is 0 at stationary point (3.1.16)
as expected. Just for fun, here is a plot of the function H with A set to the solution value A = 1/\/5 ,

Hx,yA=1A3) = \J4-x2-y2+(A[3) (y-1). (3.1.17)

Now u = (1/\/§ ) (y-1) appearing in the second term of (3.1.17) is a plane sloping up to the right in Fig
(3.1.1). This is different from the plane y = 1 which is the vertical constraint plane in that figure. In
(3.1.17) we are adding a spherical surface to a plane sloping up to the right, and the result is an
ellipsoidal-like surface (really a quartic surface) which should have a stationary point at r = (0,1) :

H = sqrt(4-x"2-v"2) + (1/sgqrt(3))*(y-1),
1
H=ald—x% 52 +§ﬁ(y— 1
plot3d(H, x=-2. .2, v = -sqrt(4-x"2)+1le-8. .sqrt(4-x"2)-1le-8, axes=boxed  grid = [20,20]);

(3.1.18)
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One can see from these plots that in fact r = (0,1) is a stationary point of H(x,y,?»zl/\/g ) and is in fact a
maximum. In this example it just happens that the stationary point is a maximum for both f and H.

More complicated Examples of the same type

If we had a surface in Fig (3.1.1) more complicated than a sphere, and a constraint more complicated than
y = 1, the nature of the interpretation of (3.1.2) does not change. For example, if Fig (3.1.1) showed an
oblong bowl surface u = f(x,y) whose level curves were those of (1.4) (u = K values increasing toward the
outside) and if the constraint a(x,y) = 0 were some arbitrary constraint curve (shown in red), we would
have this picture:

(3.1.19)

The black arrows are the 2D "up-hill" bowl gradients Vf (larger toward the outside) while the red arrows
Va are normals to the constraint surface (Va now varies along that surface). The solution point is a where
Vf and Va are collinear. At point b the gradient arrows do not line up, and there is advantage in this case
for decreasing f by moving toward point a. One can see from the "topo lines" that a is indeed the point on
the constraint curve that has the least value of u.

Notice that saying the two arrows in E? are collinear is to say they are linearly dependent.
3.2 Example 2: 4-dimensional hemisphere with two simple constraints

In order to better demonstrate the interpretation of (1.24b) concerning the Lagrange multiplier gradients,
we upgrade Example 1 and then allow two constraints. We take the surface of Fig (3.1.1) to be the "upper

half" of a 4D sphere of radius 2, u = f(x,y,z) = /4 - x2- yz— Z% . We must imagine a 4D drawing of this

sphere which is the new Fig (3.1.1) with a vertical u axis and three "horizontal" axes Xx,y,z. We cannot
draw this picture, but luckily the Lagrange Multiplier Show for this problem plays out in E* where we

can draw pictures. Now with r = (x,y,z) and r = \/ xz+y2+z2 the level surfaces (really surfaces this time)
are given by u = /4 - 2 =K for a set of constant K values. Since then r = \/4-K2 , we see that these

level surfaces are in fact a set of concentric spheres of radius \/4-K2 ('so we shall restrict to K| <2).
We take as our two constraints the equations y = 1 and x = 1, just to keep it simple. Thus
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f(x,y,z) = \/4 -xPy gt = \/4 -1
a1(x,y,z) = y-1
a(x,y,z) =x-1. (3.2.1)

The Lagrange method gradients of interest are now 3D gradients in E® space, so

VE=VA[4-12) =[1Af412]E = - /DR - (y/DF - (D2 points to sphere center
Vay =V(y-1)=§
Va, =V(x-1)=%. (3.2.2)

Equation (1.24b) reads
Vi(r) + 2 Vai(r) + Az Vaz(r) =0 . (3.2.3)

This says that the three gradients must be linearly dependent, which means they must be coplanar! Before
solving the problem, we would like to draw a picture in E® corresponding to Fig (3.1.2) in E? for
Example 1. Although one could in fact draw such a picture with some effort, we shall decline this task
and instead draw two z = constant slices of the desired picture. On the left below is a slice at z = 0, while
on the right is a slice at z = 1 (these are not precision drawings) :

el
Il
—

y=1

)
)

)

NS
%

(e
\

/Ny

4 =

this arrow dips into the plane of paper
(3.2.4)

\_.
g

\

>

NS

x

In these pictures, we are viewing the two red constraint planes y = 1 and x = 1 edge on. The surface which
satisfies both constraints is a line normal to the plane of paper which is the intersection of the two
constraint planes. The circles on the left are slices of the family of concentric spheres taken at the equator
z = 0. At z = +1 since our slicing plane is closer to the north pole (z=2), some of the inner spheres no
longer cut the plane z = 1, and those that still do have smaller diameter circles.
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Consider now the point r = b shown as a black dot on the right. The two red arrows are Va; = § and
Vay= &, each normal to its constraint plane. The black arrow dips into the plane of paper because V=
[—r/\/E2 ] £ which points toward the sphere center. The three arrows Vf,Va;,Va, are therefore not
coplanar, so they are linearly independent. That means that equation (3.2.3) cannot exist for this point r.
This black point b is located outside the r = 7 units sphere (in our crude picture).

Consider next the point r = a shown as a black dot on the left. Since this is the equatorial slice, the
black arrow Vf lies in the plane of paper. This means the three vectors Vf,Va;,Va, are coplanar in the z=0
plane so they are linearly dependent. For this point a, the equation (3.2.3) can and does exist, and
therefore point a is the problem solution. This point is located inside the r = 6 unit sphere.

Once again, at an extremum point we should have df = 0. Moving an amount dr which is consistent
with both constraints (meaning dr is in the z direction) we then have from (3.2.3),

df=Vfedr = —Xi[Vai(r)edr] — A [Vay(r)e dr] =—A1 [0] -22[0] =0 (3.2.5)
and sure enough, df = 0. At point b one finds for a dr pointed down toward the equatorial plane,

df=Vfedr = [- (x/DX - (y/H)y - (/D2 ]e (-|dr| 2) = (z/f)dr >0 (3.2.6)
and so it is advantageous to move dr = |dr|Z toward a and thereby increase f, so b is not an extremum.

Evaluating (3.2.6) at z = 0 for point a again shows df = 0.
Finally, we solve the problem. Inserting (3.2.2) into (3.2.3) gives

Vf(l') =- leal(r) -2 Vasy(r) =

Yy A z

X A A A A
B - - =— My - A . 3.2.7
[ \4-X-y-z ' \/4-x2-y2-22y \/4-x2-y2-zzz] AR (3:27)

We see at once that z = 0 and then the above becomes

X A2 Y _ M ) (3.2.8)
\/4-)(2-y2 \/4-)(2-y2

But the constraints say x =1 and y =1 so,

1 _ 1 _ .
AJ4-12- 12 =l \m M = M= =1A[2 . (3.2.9)

Therefore the solution to Example 2 is this:

r=(1,1,0) Mm=1A2 = 1A2 . (3.2.10)

The value of u at this point is u =\/4 - x2- y2— z =\/4 -1%-12-0? =\/§ .

It is simple matter conceptually to generalize our Example 2 to more complicated functions f,aj,az. For
some arbitrary function f(r) there will be a set of 2D surfaces in E3 which are the level surfaces on which
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f(r) = K for various values of K. These level surfaces then replace the set of concentric spheres of our
simple case. We then imagine replacing our simple planar constraint functions a;(X,y,z) and ax(x,y,z)
with general functions which then result in arbitrarily shaped 2D constraint surfaces ai(x,y,z) = 0 and
az(x,y,z) =0 in E>. The gradients Va; and Vay vary over their respective surfaces (being normal vectors).
The intersection of these two 2D constraint surfaces in E* will be a curve in E* (1D surface in E®).
Potential solution points r must lie on this curve. At each point r on this curve, the gradients Vaz(r) and
Vay(r) define a local plane. At a stationary point one will find that the gradient Vf(r) lies in the same
plane as Vai(r) and Vay(r) so the three gradients are linearly dependent and then Vf(r) + A1Vai(r) + Az
Vay(r) = 0 for some A; and Ap. At such a point r, if one considers any dr which lies on both constraint
surfaces, one will then find that df = Vf edr = 0 so the point r is therefore a stationary point.

The situation is described by a 3D version of drawing (3.2.4).

Note that the intersection of the two constraint surfaces might result in multiple curves, and each must
then be considered. For example, the intersection of two thin (prolate) ellipsoids might be two closed
curves. If the intersection of the constraint surfaces is null ( 1st ellipsoid inside 2nd ), the problem has no
solutions.

3.3 Example 3: N-dimensional hemisphere of radius R in E" with C simple constraints

We now generalize the above two examples.
Consider an upper-half hypersphere which is an N-1 dimensional surface embedded in EV. The sphere

has radius R and there are C constraints x; = 1 fori=1,2..C.

Proceed as in the previous examples where now f(r) is defined on E™ and the hypersphere surface
N+1

"graph" is given by u =f(r) in E

r = (X1,X2....XN)

f(r) = f(x1,x2...Xy) =+ \/Rz— Tio1Vxs2 // u = f(r) is upper-half hypersphere in EY
a3 =x3 -1 1=1,2.C . // C constraints are x; = 1 for first C coordinates (3.3.1)

The gradients of interest (N-dimensional) are

Vi=-Zia"(xs/DRs
Va; = %3 i=12.C . (3.3.2)

Insert these into (1.24b) ,

VA(r) = - 23214 Vas(r) (1.24b)
S0

“TiaN(xa/DRs =- T Ry
or

Tim1C(xa/DRi + Tizcrr"(xe/DRs = Tiziha Ry
or

- Ei=1c [ (Xi/f) - 7»1] ﬁi + Ei=c+1N (Xi/f) ﬁi =0 . (333)

Solve to get
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A = xi/f i=12.C
X1 =0 i=C+1,..N . (3.3.4)

Since x; = 1 fori =1 to C one has A; = 1/f where

f =4/R* 2:=1%:% =4/R*-C. (3.3.5)

The stationary point is then determined by

Ai = 1/\/R2- C i=1.2..C // the C Lagrange multipliers are all the same
r=(1,1...1,0,0...0) . /I C ones followed by N-C zeros (3.3.6)

There is no stationary point if C > R? since then the A; become imaginary.
Finally, we verify that the results of Examples 1 and 2 are recovered:
Example 1: N=2,C=1, R=2,4=1A/3,r=(1,0)

Example2: N=3,C=2, R=2,:=1A2,r=(1,1,0) (3.3.7)

3.4 Example 1 Revisited: What is the half-width of the peak?
The question pursued here seems of small interest, but it serves as a model for the situation which arises

in Section 5.3 where we are interested in the width AN; of the peak of the Boltzmann microstate
distribution Q in (5.3.16).

Recall from (3.1.1) where u = f(x,y) = \/4-><z-y2 ,

(3.1.1)
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The upper spherical surface is a graph in E3 of u = f(x,y) = \/4-x"-y“ . The variables x,y are not
independent. When the constraint y = 1 is applied we get u = f(x,1) = \/gz = F(x) which is the equation
of the red curve shown in the picture. Here we have invented a new function name F(x) to represent the
function f(x,y) after y has been eliminated by the constraint. One is left with only one independent
variable which is x.

We could then ask about the half-width of the "peak" which is the red curve. As an estimate, we
model the red curve as a parabola using a Taylor expansion around the peak point A,

F(x+Ax) = F(x) + (8F/x) (AX) + (1/2) (6°F/ox?) (Ax)? (3.4.1)

Maple computes the two derivatives and then evaluates them at point A where x = 0:

F := sqrt(3-x"2),;
F= 3—x2
DF := diff{F,x),
x
OF =—
3—x2
DDEF = Jdiff({F, x, x),
x2 1
DDF =— 3 -
fJ 3—x2
. 2
(3-x7)
eval(F,x=0),
NE
eval (DF,x=0} ,;
0
eval (DDF,x=0}
1
WA
3 (3.4.2)

As expected, (0F/0x) =0 since A is a stationary point for the function F(x) of one independent coordinate
x. Using (6%F/0x?) = —1/\/§ we rearrange (3.4.1) to get

AF = F(x+Ax) - F(x) =-(2\3)}(Ax)2. (3.4.3)
To get the half-width of the peak we set (the half width at half maximum).
|AF/F(0)| =1/2 (3.4.4)

so that

| -2\3)Ax)? /3] =12 = (Ax) =\3 =173 . (3.4.5)
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The following plot shows the parabolic approximation in blue and marks the estimated half width

Fapprox := sqrt{(3)-(2*sqrt(3}) (-1)*x"2

Fapprox :=\}[§— é£x2

plot{ [F,Fapprox] ,x=-sqrt(3)}. .sqrt(3), color = [red,blue], 6 scaling = constrained}),

half-width

05 x1 18 (3.4.6)

As a percentage of the peak value, the half width here is 100%, so it is a fairly large half-width.

In the Boltzmann problem of Section 5, we shall start with a function f(N1,N>.....Np) of m variables
which are not independent. We use up the two problem constraints to eliminate the variables N1 and N,
and then define a function F(N3,Ng4....Ny) = f(N1(N3, .. Np), N2(N3, .. .Np), N3, ....Np). In the space
of the independent variables N3, Ng4....N, we use a vector version of the above procedure to estimate the
half width of the peak of the function F in any of the variables Nj, as illustrated in (5.3.18). For large N;
values, we find that the peak is very narrow compared to its height, unlike the peak shown in (3.4.6).
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4. Example 4: Extremal distances between an ellipse and a circle

Many examples of the use of the Method of Lagrange Multipliers can be found in texts and on the web.
See for example Trench or the wiki Lagrange Multiplier page. Example 4 is a bit more complex than the
toy examples in texts and in our Section 3, and we obtain a numerical solution after carrying out the

analytic steps of the Lagrange Multiplier method.

Example 4 has two constraints so C = 2 and there are four coordinates so N = 4. It happens that these four
coordinates are not those of a single point in E* but represent two points in E?.

We adopt several new notations in this section :
1. The constraint functions will be called a and b instead of a; and ap, but the multipliers are still A1,A,.
2. The partial derivatives of a function F(x1, X» ....) shall be represented as F; :

aiF(Xl, X2 )
Fi= 0:iF(x1.%2..) = = o=

which is a notation promoted by Buck with generalization Fs 5x .. = 01040k ... F(X1, X2 ....).
3. The components of the vector r will be called (x,y,x',y") instead of (x1,X2,X3,X4) .
Consider then these two curves in E?:
x?/A% +y?/B%=1 ellipse centered at the origin, semimajor/minor axes A and B
(x’—(x)2 + (y’—B)2 =RZ. circle of radius R centered at (o,3) 4.1)
Problem : What is the minimum and maximum distance between these two curves?
The distance squared is given by
f=(xx)2+ (y—y‘)2 = f(x,y,x",y") N = 4 coordinates 4.2)
while the constraint functions are
a(x,y,x,y") = x?/A% + y2/B2 -1 a(x,y,x.y") =0
b(xy.xly) = (x-0)* +(y-p)* - R® b(xy.x'y)=0 . (4.3)

The various derivatives are,
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f1 = Oxf = 2(x-X') a1 = O0xa = 2x/A? b1 =0xb=0

fo = dyf =2(y-y') ap = Oya = 2y/B? ba=0yb=0
f3 =0y f=-2(x-X") az=0xa =0 bs = O b = 2(x"-)
fa =0y f=-2(y-y") ag=0y'a =0 bg =0y'b=2(y"-p) . 4.4)

The H function (2.2) is then,
Hx,y X'y hh2) = £ + Ma+hzb
= (x-X)2 + (y-y)? + g [X¥/AZ + Y3 /B2 - 1]+ g [(X-0)% + (y'-B)? - R?]. (4.5)
Compute the six H; derivatives as prescribed in (2.4),

Hi= f1 + Aa1+ Az by = 2(x-x") + Aq 2x/A2
Hy= f, + Maz+ Az by = 2(y-y") + Az 2y/B?
Hz= f3 + Ajaz+ Az b3 = 2(x-Xx") + A22(x"-0)
Hq= f3 + Mag +Az2bg = -2(y-y') + 222(y'-B)

H5 =a
H5 =b . (46)

Set these derivatives to 0 as in (2.4) to find this set of six equations

(x-x") + A1 x/A% =0 1
(y-y) +21y/B2 =0 2
- (xx) + Az (X-0) = 0 3
-(y-y)+r2 (y-B) =0 4

x?/A2+y?/B2-1=0
(x-a)* + (y-B)* -R* =0 6 @.7)

(9]

where the 6 unknowns are x,y,x',y',A1,A2 .

Notice that a possible A; solution is A3 = A2 = 0 in which case one gets x = x' and y = y'. Certainly this is
an extremum situation since distance squared is f = (x-x')2 + (y-y')*> = 0, a minimum. Insertion of x' = x

and y' =y into 5 and 6 above and elimination of x yields (after some algebra) an equation for y of the
form

Kay? +koy® +ksy?+kay +ke =0. x == A~[1-(y/B) (4.8)

If the ellipse and circle intersect, one will find that the above equation has 1,2,3 or 4 real roots which then
represent the intersection point(s) of the two curves. If the curves don't intersect, the solution y values will
be complex so there are no physical solutions for A;=212 =0.
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So how does one go about solving the set of 6 equations shown in (4.7)? A possible first step is to find a
viable set of A;. From a version of (2.9) using the first and third rows of (2.8) one may write,

() = (26 =m(y 29

where
a1 b ap 0 :

M= (33 ba) = ( 0 bs) // by and a3 vanish from (4.4) 4.9
so that

M'1=(%3 fl)/det(M) = ﬁ(b(f fl) . (4.10)
Therefore,

()= () - () ) @i
and thus

A1 = L bsfy A2 = L aifs =

aibs aibs

A =-fr/a; = -2(x-x")/[2x/A%] =- A%(x-x")/x
Ao =-f3/bz = 2(x-x")/[2(x-0)] = (x-X")/(X"-a1) .

We then have a candidate solution set {A;}. The first four equations of (4.7) become

(x-x") + [- A% (xx")/x] /A% =0 1
(y-y) + [- A%(xx")/x] y/B? =0 2
- (xx") + [ xx")/(x"-0)] (x"-a) = 0 3
- (y-y) £2[ x-x)/(x-0)] (y'-B) =0 4
or
xx")-(xx") =0 1
(y-y") - (A/B)3(x-x")y/x =0 2
-(xx)+(xx") =0 3
- (y-y) + (-Bx-x)(x"-a) =0 4. (4.12)

Two of these equations are identities, while the other two are
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(y-y") - (A/B)3(x-x")y/x =0 b

- (y-y) + (y-B(x-x)/(x-a) =0 4
or
(y-y)x - (A/B)*(x-x)y =0 2
- (yy)x'-o) + (y'-p)(x-x) =0 4 . (4.13)

Including the last two equations of (4.7), one has four equations in four unknowns x,y,x",y" :

(y-y)x - (A/BY?(xx")y =0 2
- (yy)(x"-a) + (y-B)(x-x") =0 4
x?/A% + yZ/B2 -1=0 5
(x-0)* +(y-B)* -R*=0 . 6 (4.14)

This is a system of four 2nd degree polynomial equations in four variables. When we ask Maple to
analytically solve these equations for the four unknowns x,y,x',y', it succeeds but the results are very
messy and involve roots of fourth degree polynomials. In this situation, the analytic solution exists, but is
so complicated it hardly seems very useful. We selected this example just to show that even a relatively
simple problem can be nearly intractable analytically.

We turn then to a numerical solution for the particular ellipse + circle case shown in this scaled figure
where the background boxes are 1 unit squares,

N P (8,0)

(4.15)

The circle has radius R = 2 and is centered at (a,3) = (3,1). The semi ellipse axes are A =8 and B =4. We
enter into Maple the 6 original equations (4.7) in the 6 unknowns x,y, X',y A1,A2 (xp =x%', L1 =124, etc) :
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el = (x-xp) + L1*{x/AR"2)} = 0,

Llx
el =x—xp+ 5 =0
A
e? := (y-yp) + L1*(y/B"2) = 0,
Ll
22:=y—};7+—2y=0
B
el = —(x-xpl+ L2*{xp-alpha) = 0;
el =—x+xp+iZixp-o)=0
el = -(y-ypl+ L2*{yp-beta)} = 0,
ed =—yv+ywp+Ll20p-p)=0
ebh = (x"2/R"2) + (y"2/B"2)- 1 = 0;
x2 y2
95:—75+—E=—1=0
A g
eb = (xp-alpha})™2 + (yp-beta)"2 - R"2 = 0,
2 2 2
e ={xp—x) +0p-p1  -R =10 (4.16)

We next set in the specific parameters for the figure shown above

(4.17)
Without given a starting point, Maple finds the following solution

fsolve({el, e2, e3,ed b, a6}, {x, v, xp,vp, L1, L2}),
(L] =-279061909%, L2 = 3203235302 x = 3 657316705, xp = 3497845176, y» = 2. 557528444 yp = 2. 937046765}

which we approximate as
M =-28 A2=.32 (x,y) = (3.66, 3.56) (x.,y")=(3.50,2.94) . (4.18a)

Plotting this on our figure,
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(x.y) = (3.66, 3.56)
(x',y') =(3.50, 2.94)

!
NP 8.0)

(4.18b)

we see that this solution corresponds to the minimum distance between the two curves. Maple computes
this minimum distance to be \[()(—);‘)2~|—(y-y')2 = .6406470846 units.

Another solution is found by giving Maple a search starting point (-8,0) on the ellipse and (5,1) on the
circle :

fsolve({el e2 e3, ed, eb,eb},{x=-8,y=0,xp=5,yp=1,1L1,L2}),
(2= -7 987607508, p=- 2221078222, L1 = -103. 9635963 yp = 1221087675, xp = 4 98742455, L2 = -6 527706691}

which we approximate as
A =-104 Ap=-6.5 x,y) =(-7.99, -.22) (xLy")=(4.99,1.22) . (4.19a)

Plotting this solution,

(x'y') = (4.99, 1.22)

(8.0)

(x,y) = (-7.99, -.22)

(4.19b)

we see that this solution corresponds to the maximum distance between the two curves. Maple computes
this maximum distance to be 13.05541338 units.

A third candidate solution is found by giving Maple a starting point (-8,0) on the ellipse and (1,1) on the
circle:

fsolve({el, e2,e3 ed, b, eb} {x=-8,y=0,xp=1,vp=1,L1,L2}},
{x=-7.987607008, = - 2221078222, yp = FFER123247, L1 = -T2 11057310, L2 = 4.527706691, zp = 1012257502}
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which we approximate as
M=-72 Xr2=45 (x,y) =(-7.99, -.22) (x.y')=(1.01,0.78) . (4.20a)

Plotting this solution,

(x'y") = (1.01,0.78) (0,4)

(8,0)

VY799 522
3y ) (4.20b)

one sees that this solution represents a "stationary point" but is not in fact a solution to the problem. A
slight dr = (dx,dy,dx',dy') variation along both constraint curves from this solution point gives df = 0
where f is the squared distance (4.2).

Finally, we find this fourth solution,

fsolve({el, e?, e3,ed, b, a6}, {x=0,yv=4,xp=3,vp=-1,L1,L2}),
{zp = 2502154824 yp = - 9370467677 L2 = -2 320323538, L1 = -20 21437201, x = 3637316705, y = 3 357528444 °

which we approximate as
A =-202 Ap=-23 (x,y) = (3.66, 3.56) (xLy") =(2.50,-.94) . (4.21a)

Plotting this solution,

(x'y") = (2.50, -.94)

(4.21b)

we find a situation similar to the third candidate solution -- a stationary point which is neither a global
maximum nor a global minimum.
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5. Example 5: The Boltzmann factor in Statistical Mechanics

In the following physics example the role of r =(x1,X2....Xy) is played by N = (N1,N3...Np). The function
N1 5 N2 Nm
2 Zm

g1
f(r) to be maximized will be Q(N) = Nyl Np! =Nl

and b(N) = 2;e;N;-U =0, all as described below.

. The two constraints are a(N) =ZijN; - M =0

5.1 Statement of The Boltzmann Extremum Problem

Imagine a physical system which has m state levels into which a set of M identical particles can be
placed. At a given energy level €;, the number of available states is g;, known as the degeneracy at
energy €;. A particular state of the entire system of particles is characterized by the number of particles
N; in each of the states, so system state = (N1,N2...Np,) = N, a vector. The total number of particles in the
system is fixed at M = X;Nj, and the total energy is U = X;e;N;. The system is isolated so its initial
energy U does not change, nor can particles be created or destroyed, so U and M are both fixed constants.
The system of particles (perhaps a box of gas atoms) is assumed to be at thermal equilibrium so all its
macroscopic characteristics (like pressure and temperature) are stable.

Imagine a billion of these particle systems (an "ensemble"). Each system settles into its own partition set
{Ni} = N. If M is very large, one will find that those billion N vectors are all very similar. This is so
because certain {Nj;} partitions are statistically favored over other partitions just because there are a lot
more "states" available to a system with those favored {Nj} partitions (hence "statistical" mechanics).

So, how many states are available ("accessible") to such a system characterized by vector N which
represents some partitioning of the particles {N;}?

Placing N identical particles in the g degenerate states of a system at energy level € is like placing N balls
in a set of g boxes. The number of different "ways" of placing N indistinguishable balls into g boxes

. o . ( N+g-1 . . .
(bins) is a fascinating elementary problem and the answer is ( I\% ), a binomial coefficient.

Footnote: One arrives at this answer by thinking of N balls and g-1 "partitions" between boxes, all of
which have to be laid out in a row, such as | * * * | * | | * for the case N = 5 and g-1 = 4. Here the
leftmost bin is empty, as is the second bin from the right. The asterisks are the identical balls. Each
layout of the 9 objects is characterized by picking a committee of 5 balls from the 9 positions (or a

9 9! 9
committee of 4 partitions). In this case the number of unique layouts is ( 5 ) =314 = ( 4) . (5.1

N+g-1 . . : . .
The count ( I\% ) allows multiple balls (particles) to be in any given box (state). This count is then

associated with so-called Bose-Einstein statistics -- multiple bosons are allowed in the same state.
Bosons are particles with integral spin such as photons (S=1) and ground-state helium atoms (S=0).

If at most one ball is allowed in any given box, then one must have N < g and the count of ways is just the
number of ways to pick a committee of N boxes (one ball into each box) from the set of g boxes, and this
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count is (I%I) This count is then associated with so-called Fermi-Dirac statistics -- only one fermion is

allowed in a state. Fermions are particles having half-integral spin. Because electrons (S=1/2) are
fermions, atomic energy levels get "filled up" as N increases, allowing there to be some small number of
electrons at the highest energy level ("valence electrons") which cause an atom of atomic number N (an
"element") to have certain chemical properties. If electrons were bosons, they would all to go into the
lowest or "ground" atomic state and the world would be a very different place. In other words, the fact
that electrons are fermions is the reason the periodic table of elements exists.

However, we shall assume that g; >> N; (known as the Boltzmann limit), and this allows a simplification
of the state count. Both the Bose and Fermi state counts reduce to the same count in this limit:

N

Ntg- 1 ! A)(eNtD) g
Ways:( N )z (1%1) N (§—N)! - e )N(!g d NI - (5.1.2)

So in our particle problem, the number of ways of having N particles in states with energy €1 is %

For each of these ways, there are % ways of putting N particles in energy level €. And so on. Thus, the

total number of available states ("microstates") for a partition {N;} of the M particles is given by

g1N1 g2N2 g Nm
m
Q(N1,N2...Np) = Nyl Np! = Nal - // see for example Zemansky Eq. (10-4) (5.1.3)

Since the particles are identical, there is only one distinct way to partition the set of N particles into sets
having counts N3, Na2....Np (prior to putting the particles of each set into that set's states as done above).
For example, put the N particles in a straight line, and draw m-1 divider lines as needed to get the desired
partition counts. So one could add an overall factor of "1" to (5.1.3) to denote this one partition.

Here then is our initial extremum problem:

g1N1 g2N2 g Nm
m
Find N which maximizes Q(N) = Nyl Np! Nyl subject to these two constraints:

ZiNi =M and ZiSiNi =U. (514)

When M is a very large number (like Avogadro's number), it turns out (coming soon) that Q(N) has a
very strong and sharp maximum at a certain N which is the solution value N for this extremum problem.
Thus, when one examines an ensemble of such systems, this solution N is the overwhelmingly likely
partitioning of the particles into {Nj; }. Our task is then to solve this problem for N.

This vector N = (N1,Nz...Np) is the vector r = (x1,X2...Xy) of our general Lagrange Multiplier presentation

in Sections 1 and 2, so in this application the number of components in the vector is N = m, and we don't
want to confuse this previous use of symbol N with N or N; of the present problem!
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One might observe that the x; in the general analysis were reals, whereas the N here are integers. We
can dispense with this issue by simply writing N;! = I'(Nj+1) which then serves to interpolate Nj
between its integer values. Another approach is to replace N; everywhere in the above problem statement
by n; = N3i/M. Since M and the solution Nj values are very large integers, one can regard this n; as
essentially a continuous real (albeit rational) variable.

It should be noted that the value of U is restricted to a certain range,

Menin < U < Mépax . (5.1.5)

The limits represent the two extreme possible partitions {N;} of the particles (all in lowest energy state,
or all in highest energy state). It is useful to define the average energy of a particle,

u= U/M = average energy of a particle in the system (5.1.6)
and then (5.1.5) states the obvious fact that

€min = U = €max - (5.1.7)

5.2 Solution of The Boltzmann Extremum Problem
Maximizing the state count Q is the same as maximizing f = InQ2, and from (5.1.3),

f(N1, N2..Np) = InQ(N1,N2..Np) = %5 [Nilngi ] -Z; [ InNji! ] (5.2.1)
where Z; means X;=1". Assuming all the N; are large numbers, we may use Stirling's formula,

x! =\2nxx*e™ = Inx! = ln\/zt +(12)Inx +xlnx -x = xlnx-x, x>>1. (5.2.2)
Then In Nj! = N;InN;- Nj so that,

f=InQ = %5 [NiIng; | -%; [InNji!] = 3 [ N3 Ing; | - Z; [NilnN;- Nj]

= X [(1+lngs)Ny - NiInNj | =X Nj [1 +In(gi/N3)] . (5.2.3)

Here then is a restatement of the extremum problem given in (5.1.4):

Find N which maximizes f(N) = X3 [(1+In g;)N; - NiInNj ] subject to these two constraints:

a(N) = ZiNi -M=0
b(N) =2%2;e;N;-U=0 . (5.2.4)
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Application of the Method of Lagrange Multipliers

Following now the prescription of Section 2, we write our "Lagrangian" H of (2.2) as

H(N,L) =1f(N) + Aa(N) + X2 b(N)

=%; [(1+In g3)N;z - NiInNj ]+ 241 [ ZiNj - M] + Az [Z3€:N;-U] . (5.2.5)

The next step is to compute the derivatives with respect to N; and A; and then set those derivatives to 0.
We know that the two equations 0H/Oh;= O just replicate our two constraints, so it is the other m
derivatives which are of interest. We again use the subscript notation for partial derivatives introduced at
the start of Section 4, so now F; = OF(N)/ON; . We need these three contributions to Hj,

f= Zi [(1+lng;)N; - NiInN; | =

f; = 0f/ON; = (1+Ing;) - N3 (1/N;) - InN; =Ing; - InN; = In(gi/N;)

a= XiN;i-M =

a; = 0a/ON; =1

b= X;e;N;-U =

b; = Ob/ON; =¢; . i=12.m (5.2.6)
Now set the H; partials to O :

0=Hi(N,Ah) =fi+ Ma; A2 b; = In(gi/N;i) +A1*1 +A*e; i=12.m
or

ln(Ni/gi) = A1t A2g; . 1=1,2..m (5.2.7)

Here then are the equations we need to solve,

In(Ni/gi) = A1 +Aze; 1=1,2..m // m equations
XiNi =M // a(N)=O
EiSiNi =U // b(N) =0 . (5.2.8)

This is a system of m+2 equations in m+2 unknowns which are the Nj, A1 and A,. To solve these
equations, we first solve the first set of m equations for N, leaving A; and A, as unknowns:
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In(Ni/gs) = A1t hogs
or
N; = g; eM *2fi | (5.2.9)

Already a major result has emerged from our Lagrange Multiplier analysis! The population Nj of states
at energy level &; depends exponentially on ;. We intuitively expect higher energy levels to be less
populated than lower ones, so we expect A, to be negative. For this reason, and following tradition, we set
A2 =- P where B> 0. And while we're at it, we can set ¢*! = A to simplify notation. So

B=-%2
// derived Lagrange multipliers
A= M (5.2.10)

and then (5.2.9) reads,
_ -Bej _ M -Bej
Ni=A gie i, /] = 7 gi¢ i see below (5.2.11)

So of we can somehow determine A and B, the problem is solved and the solution N = (N1,N5...Np) is
known.

When a problem has a solution of the form (5.2.11) it is said to have Maxwell-Boltzmann statistics.

The notion of absolute temperature

Suppose £; > &5 and consider from (5.2.11) that N3/N5 = (gi/g3) e P ¢i7%3) | As B—+o0, Ni/Nj— 0 and
there are no particles in the upper state i compared to the lower state j. Basically, as pB—+oo all boson
particles will inhabit only the lowest energy state (the "ground state") of a system. This is a situation one
associates with absolute zero temperature T = 0. The system is "frozen" into its ground state. For
fermions, the particles fill up the energy levels from the bottom up to some level, and above that level N
= 0 (frozen atoms, white dwarfs, neutron stars, etc.). On the other hand, as B — 0, we find that N3/N3 =
gi/g5 and particles are then distributed statistically according to state degeneracy counts without regard to
the energy level difference between the states. This is the situation at an infinitely high temperature T —
o0. So a simple way to define absolute temperature is T = C/p where C is any positive constant.

Measurements show that the T=0 situation exists when T¢ = - 273.15, where T¢ is temperature in
Celsius (centigrade) units. In order to have the size of one degree of absolute temperature units T be the
same as that for T¢, one must write T = T¢ + 273.15. The units of T are called K after Lord Kelvin, 1824-
1907, aka William Thomson. Thus, the freezing point of water (triple point 0.01°C) corresponds to T =
273.16K. Room temperature Tg = 70°F = 21°C corresponds to T = 294K.

In Section 5.4 below we shall show that the mean energy of a particle of ideal gas is given by u =
(3/2)(1/B). Writing this using T = C/B gives u = (3/2)(1/C)T. In effect, one can take a box of ideal gas at
temperature T and measure the mean energy u, and this then determines the constant C. In practice this
measurement of C is done indirectly, for example by measuring the speed of sound in argon gas, and C is
now measured to about 7 decimal points of accuracy. Historically one deals with the inverse constant k =
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1/C, and that constant k is known as Boltzmann's constant. The upshot of this discussion is that for
systems in thermal equilibrium, one can associate the derived Lagrange multiplier B = - A, with absolute
temperature T according to :

B = 1/(kT) k=1.380648 x 10 J/K . // Joules/Kelvin (5.2.12)

Notice from (5.2.11) or u = (3/2)(1/p) that the units of B must be inverse energy, so kT has energy units.
The factor e P*1 in (5.2.11) is referred to as the Boltzmann factor.

The quantity S =k InQ = kf'is the entropy of a system, where k makes another appearance.

These matters are discussed in any thermodynamics or statistical mechanics text. See for example
Zemansky p 258-272 and equation (10-17).

How the derived Lagrange multiplier values B and A are determined.

From (5.2.11) the probability of a particle having energy ¢; is given by

gs e Per, (5.2.13)

<>

Ni
Pi= N T

A e ) ) ) g
Since X;p; = 1 one finds that 1 = M [Zigsi e ﬁel] which then determines the derived Lagrange multiplier

constant A (expressed in terms of f§),

M M
V4

A:EigTBE_i‘ /=

, Z=ZigiePei (5.2.14)
The denominator in (5.2.14) is called the partition function Z for the system, so then A = M/Z.
Using (5.2.11) for Nj, the two constraint equations shown in (5.2.4) [£;N;= M and Z;N;e;= U] read

AZigie Pt = M /IN;=A g;ePei
AXiesgePei =U . (5.2.15)

Dividing these two equations and using (5.1.6) that u = U/M, one gets this self-consistent result,

Tigiese PR (AM)Zigiese P wipies

U
USM T Sime PR T (AM)mame PR T 1 T Zibifi T <es>. (5.2.16)

To find the derived Lagrange multiplier constant B = -, write out the second equation of (5.2.15),
Yigies e PeL =U/A = (U/M)M/A) = (u) ( Zig; e Pe1)

or
¥ gi [eiu]ePEi=0. (5.2.17)
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This is the equation one must solve for B. Recall that €;, g5, and u are all known quantities. For the lowest
energy states one will have €; < u ( recall that u = <e5> ) so [e; - u] will be negative. For high energy
states [e; - u] will be positive. It is possible then to adjust B to bring these positive and negative
contributions into balance to generate a 0 sum. One can see from (5.2.17) that B is a function of mean
energy Uu.

For general values of &;, equation (5.2.17) is a transcendental equation which must be solved

numerically for B. If it happens that all the &; are ratios of integers, the equation can be written as a

polynomial equation, but since those integers are likely to be large, the order of this polynomial is large
and again one must do a numerical solution.

Notice that the solution to our particle system problem has the same general form regardless of the
number m of energy levels g;. If we take m very large and make the energy levels &; be very closely
spaced, they approach a continuum of energy values and the conclusions apply to a classical system. For
small finite m, the discrete energy levels indicate a quantum mechanical system.

Summary

We have used the method of Lagrange multipliers to solve the Boltzmann extremum problem stated in
either (5.1.4) or (5.2.4). Since the problem has two constraints, there are two Lagrange multipliers A and
A2 which we replaced with the numbers A = ¢* and B = - A,. We showed how B is determined by

numerically solving (5.2.17), and then A is determined by (5.2.14). Then the solution (extremum) vector
N = {N;} is given by (5.2.11) which says N; = A g; e Pci.

What we have not shown is that this extremum solution is a maximum. Nor have we shown the fact that

for large N; the microstate count Q(N) has a very sharp peak at the solution value N, which then

statistically forces a system to assume a value N very close to this solution N. We shall deal with these
issues in the following section.

5.3 More details of the solution
Recall from (5.2.3) the function for which we seek a stationary point,
f=InQ =X;-1™Nj [1 +1ng; - InN;] . (5.2.3) (5.3.1)

The constraints £;=1"N;=M and Z;=1N;&;= U can be regarded as two equation in the two unknowns Ny
and No ,

Ni+No=M - Ei=3mNi
€1N1t N =U - Zi=3mSiNj_ ) (5.3.2)

which are easily solved to obtain,
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Ni= +(e2-€1) [€2M - U+ Z5-3™ (es- €2)Ni] = Ni(N3, . Np)

N2 =- (e2-81) [&aM- U+ Z33™ (62 -1)Ni] = N2(N3,.. Nu) . (5.3.3)
Notice that,

ON1 -1 €i-€2 .

N, " (e2-€1) " [(ei-€2) ] = P i=3,4.m

aNZ -1 €i-€1 .

oN, ~ - (e l(e-e)] =- o i=34.m . (5.3.4)

Define function F of m-2 independent variables of N3...Ny, as follows :

F(N3,Ng....Np) = f(N1(N3, .. Nm), N2(N3, .. .Np), N3, .....Np) . (5.3.5)
F has the same value as f but has a different functional form. We rewrite (5.3.1) as

F =Ni[ 1 +1In(g1) - InN1] + N2 [ 1 +In(g2) - InN2] + 323" N [1 + In(g;) - InN5] (5.3.6)
where recall that Ny = N1(N3, .. Np)and N2 = Na(N3, .. Np).
First Derivative
Compute 0;F from (5.3.6) as follows,

oF ON1 1 _0N;

oN: ~ oN; [ 1+1In(g1) - InN1] + Ny [-N—l] N

5N2 1 8N2
+Wi [ 1+ ll’l(gz) - lnNz] + Na [-N_z]ml

+Zj=3m { Bi,j [ 1 +ln(gj) - lan] +Nj [-I/Nj] Si,j }

8N1 aN2
a_Ni [ In(g1) - InN4] + Wl [ In(g2) - InN2] +[ In(gs) - InN; |

€i-€2 €i-€1
= epey L INMNVED)] + (- ) [ In(N2/g2)] + [- In(Ni/gs) | /1(5.3.4)
£i-€2 €i-€1 .
R In(N1/g1)] + - In(N2/g2) - In(Ni/gs) i=34..m. (5.3.7)

This result is valid for any values of variables N3, Ng....Np. In order to evaluate OF/ONj; at the stationary
point of interest, recall from (5.2.9) that at the stationary point,

ln(Ni/gi) = At A2gi i=12.m . (5.2.9)
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_81
to the last term,

€
Inserting this into (5.3.7) one finds, adding factor 1 = §

€2-€1
OF €i-€2 €i-€1 €2-€1
DT = e (athaen) o Oathasa) o (M hasy)
1
= epey 7 (€1 82) (A T A2en) F (1- £1) (M + h2e2) - (e2- 1) (e + A2es)} (5.3.8)

Inside the Curly Bracket all terms cancel, as Maple verifies

CB = —(ei-e2)*(L1l+L2%el)+(ei-el)*(L1+L2%e2)-(e2-el)*(L1+L2%ei),

CB=—(ei—ed) (LI + L2l +{ai—el)(Li+L282)— (22—l (L] + L2 1)
simplify(CB)

0
with the final result
OF .
N: |stat = ¢ i=34.m . (5.3.9)

This is the expected result since the solution {N;} should be a regular stationary point of the
unconstrained function F(N3,Ng.....Ny).

Second Derivative

Start with (5.3.7) written this way,

OF €i-€2 -1
oN; -8:_81 [ InN1- Ingy] + Sl_gl[lnNz- Ingz] - [ InN;- Ing;] . (5.3.10)
Then
O°F &g | ON1 gi-€1 1 ON> 1 .
3(N:)2 ~ “epe1 Ni ON; | e2-81 Nz ON; ~ N; i=3,4..m

€i-€2 1 €82 €181 1 €-81 1

= . €2-€1 N1 €2-€1 €2-61 N \ €2-€1 ) - N; //(5.3.4)
- [y BEp ] =0 53.11

This says that the curvature of F in all independent directions Nj for i = 3.,4...m is negative and this is true
for all vectors N = {N;} for i = 3,4.... This is of course then true for the solution vector N. But for the
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solution vector N we also have 0f/ON; = 0 from (5.3.9) and therefore the solution is a maximum of F and
therefore of Q. Note that &2 iF is independent of the degeneracy g; (in our g; >> Nj limit of interest) .

Finally, we may estimate the width of the peak of F and then of Q. We follow the procedure outlined
earlier in Section 3.4. Taking a variation only in a particular N; ( in the "i" direction), we approximate

F(N + AN; 1) ® F(N) + (6:F) AN; + (1/2) (8:%F) (AN3)?  i=34..m . (5.3.12)
But at the solution point (0F/6N;) =0 as in (5.3.9) so

AF = F(N+AN;i1) - F(N) = (1/2) (0:%F) (AN;)?.
Thus

|AN;i| = %‘1%% i=34.m . (5.3.13)
Suppose we are interested in finding AN; such that the Q(N) drops to half its peak value. Then

Qna1£/Qpeak =112 = In Qnair - In Qpeax =1n(1/2) = - In(2) = Fnaif - Fpeak

|AF| = Fpeak - Frha1e= In(2)= 0.7 . (5.3.14)
Consider this toy example where Q is taken to be a Gaussian function,

M:=60
Omega = H*exp(-4*(x-4)"2)
plot{ [Omega, In{Omega}] ,x=2..6, color= [red,blue], thickness = 2},

60 300
280
] 2604
50 2404
2204
404 2003
1804

140

Q
] 120
20 e 1]
EiE
104 h’lQ &od
&« 40

0 3 3 [3 o : ‘
o ’ : : T (5.3.15)

On the left one can see that the half point of Q is about 0.7 the half point of InQ. The plot on the right has
N =300 and is more representative of what happens in statistical mechanics. The peak of Q is usually a
huge number (example in the next section) and InQ is barely visible if Q and InQ are plotted on the same
scale. But of course (5.3.14) is still valid.

Using |AF| = 0.7 in (5.3.13) along with (5.3.11) for the curvature, one finds
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/ 1.4 1.4
|ANs| ~ |3 F| gl 32 €i-€1 5 1 1
N (e N, TN

82 81 €2-e1’ N2 Nj

1.4 Ni
= . (5.3.16)
(82 -&1 ) (Nl/Nl) (82 -£1 ) (N:L/NZ) +1
The fractional width is then
|AN;| 1.2 1
N: AN, 1 : (5.3.17)
* (oms ) (NfN1)+( ) (Ni/N2) + 1

€2-€1

To clarify the meaning of this fractional width, let us temporarily indicate by {Ny} the components of the
solution vector N at which Q(N1,N5 ...Ny,) has its maximum value. Since we have taken Ny and N as
dependent variables (functions of all the other Nj as in (5.3.3)), we can write Q(N1,N2 ..Np) =
Q(N3,Ng4....Np) where ©Q is used only to distinguish the functional form. Here Ns....Ny, are all independent
variables. Then consider Q(N3,Ng ...Nj.....Ny) where we treat Nj as the only variable and we allow it to
vary through N;. Here is a sample plot illustrating the peak in ©(N3,Ng ...Nj.....Np) versus Nj ,

large number
¢ ANi[ 1
AN | N; 22
Q half the large number >
< N; j >
N:L —> .
Ny (5.3.18)

Although the value at the peak might be a very large number (like 101599, the "narrowness" of the peak
is really related to the ratio |AN;|/ Nj. If N3 ~ 102, as might be typical for a macroscopic system, then

|AN;|/ N3 < 107*° and the peak would be extremely narrow and sharp. Since this is true for any N;j one
selects, one would in this large-N; case conclude that in an ensemble of a billion systems, there is only a
miniscule variation in the solution vectors N for the different systems. This is so because for any system
in the ensemble, the components Nj; of the solution vector N are extremely likely to be within a few AN;
of the solution value N;. The underlying assumption here is that a system is most likely to be found where
its available microstate count is very large.
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In the above analysis we took N1 and N to be the two dependent variables. Had we instead selected N,
and Ny, as the dependent variables (those remaining then being independent), we would get these versions

of equations above (italics) by taking 1—a and 2—b :

Na= +(ep-€a) [&M - U+ Zizap (€i-80)Ni] = NaNiza,b)
Nb =- (eb-€a) "[€aM - U+ Zizap (¢i - €a)Ni] = Np(Niza,b)
ONa  &i-8p . :
oN:  epta 1=1l.mbuti#ab
% _ &i-€a . .
Ny —Sb-ﬁa i=1l.mbuti#ab
OF . .
aN; |stat = ¢ i=1l.mbuti#ab
F By, | it 1
d(N3) [Coprea ) Na ™ ot ) +Ni] - O'F
|ANi| 1.2 1
Ni - A ’Nl
( )(N/N)+( )(N/Nb)+1

€b-€a

(5.3.3)

(5.3.4)

(5.3.8)

(5.3.11)

(5.3.17)

(5.3.19)

45



5.4 Example: N particles in 3 states : a numerical example

For this example we choose three energy levels (m = 3) so the microstate count Q is given by

N N N
g1 1gz? g3

Q(N1,N2,N3) = N1l Na! Nal (5.1.3) (5.4.1)
and correspondingly (using the Stirling approximation for Nj!),
f=InQ = 31> N; [1 + In(gs/N3)] . (5.2.3) (5.4.2)

Assume the three energy levels are ordered in this manner, where €; is the lowest energy state,
g1 <ex<eg3 and recall u=UM ande; <u<es . (5.4.3)
We regard both N1 and Ny as functions of N3 where, according to (5.3.3),

Ni= +(e2 - £1) [ £2M - U+ (3 - £2)N3] = N1(N3)

N2 =- (g2 -€1) "[e2M - U+ (e3- e1)N3] = No(N3) . (5.3.3) (5.4.4)
It seems clear that one must have

0<N:1<M

0<No <M. (5.4.5)

Using the expressions (5.4.4) in these inequalities, and making use of (5.4.3), one finds that all four
inequalities can be summarized as just two inequalities which we write as,

N3min < N3 < N3max

u-€2
N3min = max(83_ €2 M, 0)
u-€1
N3max = 83_—81 M. (5.4.6)

The above fact is tedious to derive and we state it only because it is used in the code below for the
cosmetic purpose of restricting the N3 range of some graphs.

Recall from (5.2.10) that the derived Lagrange multipliers are p=- A, and A= &1 .

To find B we must solve (5.2.17),

Sio1P[es-ulgs e Pei=0. (5.2.17) (5.4.7)

Then the other derived multiplier A is given by (5.2.14)
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M M Bes
7 Where Z= Zigse Pes (5.2.14) (5.4.8)

The components N of the solution vector N are then given by (5.2.11),
Ni=A g;ePei, i=123 (5.2.11) (5.4.9)

The curvature of f [= F as in (5.3.5)] at its peak is shown in (5.3.11),

&°F 3 €i-€2 €i-€1 1
N; [(82 81) (82 81) N3 ]. (5.3.11) (5.4.10)
The half-width of the Q peak is then given by (5.3.16),
1.4 N3
AN3 = . (5.3.16) (5.4.11)
(22 - 22 (Na/Ny) + ( ) (N3/N2) + 1
Here then is our Maple code. We first enter €,
restart; with(plots)
omega = product{g[i] "W[i]l/{(W[i]!},i=1..3),
Ny Ny Ny
g1 & &3
HIREE (5.4.12)

The quantities N3 and N are then replaced as in (5.4.4) [ we use e; in place of €5] ,

H[1] := (e[2]*M-U+{e[3]-e[2])}*0W[3])/(e[2]-=[1]1) .

MNyo=
1
279
—{e[1]1*M-U+{e[3]-e[1]}*H[3])/(=e[2]-=[1]),

H[2]

Nz = _
f27 1 (5.4.13)

For a specific example we assume these values,
€3 =3 M = 1000 = number of particles
€2 =2 u = 1.5 = average energy

g1 =1 g1 =go = g3=5000 = degeneracy . (5.4.14)

Enter values and use them to compute N3pin and Napax and then to restate N1(N3) and N2(N3),
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el[l] = 1: e[2] = 2: al3] = 3: u := 1.5: M := 1000
H3min = max (0, M*({un-e[2])/(e[3]1-e[2]1});
H3max = M*¥(u-e[l1l])/(e[3]-[1]1) .

Nimin =10

MNimax = 2500000000

M[1];

a00.0 +N3
n[zl,

5000-2 Ng

For this example one then has

N; =500+ N3 = dN; =+1 dN3
No = 500 - 2N3 = sz = -2 dN3

which we plot as follows with N in red and Ny in black,

o = M*u

(5.4.15)

(5.4.16)

plot{[W[1] 89[2]],¥M[3] = H3min. . M3max, color = [red,black])};

7001

500

5007

400

3004

2004

1007

U750 40 BOD B0 100 1%?3]14'0 160 180 200 220 240

(5.4.17)

We then enter the degeneracies and take a look at Q in its numerical form,

g[l] := 5000: g[2] := 5000: g[3] := 5000
Oomedqga ;

(500.0+N;)  (5000-2N3) Mg
5000 5000 5000

(500.0 + Mz)1 (500.0 — 2 V33! V3

(5.4.18)

As is typical in statistical mechanics, at its peak the value of Q is a very large number. Even with the
relatively small number of particles M = 1000 and degeneracy g = 5000, the peak value is (see below)
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Qpeax = 5.71x 101°%° (5.4.19)

01519t

Maple is uncomfortable plotting numbers larger than about 10%° so we pre-scale Q down by 1 0

make the scaled Q be Maple-digestible. This scaling process in turn creates numbers smaller than 10740
which are also rejected by the Maple plotter, so we use a Heaviside function to pin small numbers to 0

unless they are greater than the arbitrary value .01. Here then is a plot of scaled Q(N1(N3),N2(N3),N3),

Omegascaled = (Omega/scale)*Heaviside(Omega/scale-.01)
xx := plot{ OmegaScaled N[3] = H3min..190 numpoints=100 }
display(xx)
6_
5_
4
3_
2_
1_
o 20 M0 =i f0 100 120 140 160 180

(5.4.20)

which may be compared with our generic plot of Fig (5.3.18). We broke the display command into two
pieces: first create xx then plot xx. Replacing : with ; after the plot command gives one a list of numbers
to be plotted, and from this list one can determine a reasonable scale factor. Once that is found, the
plotting coordinates need not be displayed. The curve ©(N3) has the typical Gaussian (normal) shape
which no doubt the energetic reader could show results from the central limit theorem.

A plot of f = In(€Q2) has a much smoother and broader shape, reminiscent of Fig (5.3.15),

plot (In{Omega) ,H[3] = H3min..1%0,numpoints=100, color = blue };

35004
3460 4
3460 4
3440
34207
3400
33804
33604
33404
3320
3300

(5.4.21)
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2
Recall from (5.4.10) that 2N, is everywhere negative, consistent with the cupping down seen in this plot.

Next, we have Maple solve (5.4.7) for the Lagrange multiplier j3,

eq = sum({(e[i]-u)*g[i] *exp(-beta*e[i]) , i=1..3) = 0,
-1 -2 -3
eg:=-—2500.9( 6)4-2500.9( 6)4-?500.9( B)::O
s = solwve(eq,beta),
&= 2644970945 — 3141592654 [, 8341151843
beta = s[2],;

With w = ¢™P the above "eq" equation (divided by 2500w) is just quadratic 3w?+w-1 = 0 which has
solutions w+ = ( -1 £ \/E)/6. Since B = -lnw, the w- solution gives the complex (and therefore illegal)
value .26 - it shown above in (5.4.22), while the wy solution is B =-In[( -1 + \/1_3)/6] =.834.

From this B value we compute the other Lagrange parameter A from (5.4.8),

Z

sum{g[i] *exp{(-beta*e[i] )}, i=1. .3},
£ =3523 658588

a M/Z,

A= 2837959397 (5.4.23)

Once these parameters are known, we use (5.4.9) to display the solution vector N = {Nj; }.

for i in [3,2,1] do H[i] = A*g[i] *exp(-beta*e[i]) od,
ﬂ%:=1152040505

Ny = 2675918753

Ny =616.2040607 (5.4.24)

Since we set u < €2, we see here a normal distribution where higher energy states have fewer particles.

Our final task is to use (5.4.11) determine the half-width of the Q peak,

({el[3]-e[2])/(e[2]-<e[1]))"2 * (HN[3]/N[1])

D31 :=

D32 = {({(e[3]1-e[1l]1)/(e[2]-e[1]1))"2 * (H[3]1/0[2])
D3 = D31+D32+1

DH3 = sqrt(1.4*H[3]/D3};

D3 =7.457033725 (5.4.25)

which says AN3 = 7.5. This width and the solution N3 = 116.2 can be verified from this blowup plot of
the Q peak,
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xx := plot( OmegaScaled, N[3] = 90..150,numpoints=100 ):
display(xx) ;

0 100 110 120 130 © 140 150
(5.4.26)

Notice that our Maple code does not use the Stirling approximation for N3! in the Q of (5.4.18) but
provides a continuous interpolation of N3! as ['(N3+1). All the plots above should perhaps be indicated
with dotted lines to emphasize the fact that the N3 axis is really discrete integers.

The peak values of Q and f = In(Q2) are found to be,

evalf {Omega) ;

6710572393 101220

In{evalf(Omega)},
3499 530441 (5.4.27)

To see more directly where this huge Q number is coming from, we have Maple compute the three factors
in the expression (5.4.1) for Q using the approximate solution values for Nj, N2, N3 shown in (5.4.20):

N N N
g1 lgy2 gz

Q(N1.N2,N3) = 7 1 o1 (5.4.1)

nl := evalf(50007616/ (616!)),
826

ni = 8227460158 10

n? = evalf(50007268/ (268!)};
xnd = 2298605194 10456
n3 = evalf(5000°116/ (116!})};

3= 3547502680 10°°°

nl*n2*n3;

1520
6708936163 10 (5.4.28)
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Consider now the following schematic diagram:

1000

616

AN

s

268 ‘(5
116 ;D

€1 €2 €3

E > (5.4.29)

The red dots show the solution values for the integers (N1,N2,N3). These would be the values obtained by
averaging the values measured in 1 billion systems in an ensemble. If we take N3 to be the independent
variable, it has a probability distribution (bell curve) shown in (5.4.20). For any point on this curve,
N1(N3) and N2(N3) will also be displaced from their red-dot values. We roughly show this variation with
little bell curves in the figure. For example, a particular system taken from the ensemble might have
(N1,N2,N3) values indicated by the black dots in the figure. The displacements shown are roughly these,

dN3=-50 = dNj=-50and dN,=+100 . // see (5.4.16) (5.4.30)

In the above example we used u = 1.5 < gz = 2. If we instead use u = 2.5 > g5 =2, we find that the state
populations are as shown above but in reverse order. Such an inverted situation corresponds to a negative
absolute temperature T (p = -.834 = 1/(kT) ) and cannot therefore arise in thermal equilibrium. It does
arise in a laser medium which is driven by some power source ("population inversion").

Geometric Interpretation

The above example is similar to our Example 2 of Section 3.2 involving a hypersphere. In both problems
there are three components, here N = (N1,N2,N3) and there r = (x,y,z). In both problems there are two
constraints, here XN;= N and Ze; Nj= U and there x=1 and y=1. In both problems we can imagine
plotting the function of interest in E* here f=X;-:3 Ny [1+In(gi/N;)] and there f= \/4 - x2- yz- 722 .In
both problems the "intersection constraint surface" of Section 1 has dimension N-C = 3-2 = 1. For the
hypersphere problem, that intersection constraint surface is the line which is the intersection of the x=1
and y=1 planes drawn in E>. In our current problem the intersection constraint surface is the line which is
the intersection of the two planes N1+N2+N3 = N and €1N3+e,N2+e3N3 = U in E3. The first plane has
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normal (1,1,1) and its closest approach to the origin is distance N. The second plane has normal (&1,€2,€3)
and its closest approach to the origin is distance U.

Before discussing our current problem, it is useful to review the hypersphere Example 2.

Recall that in Example 2 the "level surfaces" in E® are determined by K=1(r) =4/4 - x*-y°- z° for
various values of K, and these surfaces are a set of concentric spheres. Here is some crude Maple code to
display three of these spherical level surfaces :

f = sqrt(d-x"2-y"2-2"2});

f:q}4—x2—y2—z2

implicitplot3d({Re(f) = 0.5,Re(f) = 1.6, Re(f) = 1.9}, x=-2..2,y=-2..2,z=0..1.5,
scaling = constrained, style = patchcontour,grid = [15,15,15]1);

(5.4.31)

We have restricted the z range to obtain a cutaway view of the concentric spheres. In this picture the
constraints are the planes x = 1 and y = 1 which intersect in a line parallel to the z axis. The solution must
lie on this line, and there is one point on the line where the gradients to the planes x=1 and y=0 are
coplanar with the gradient (normal) of one of the concentric spheres. As we saw, and as is clear here, that
point will lie at the z = 0 plane and has the value r = (1,1,0). This point corresponds to the smallest radius

concentric sphere touched by the constraint line and thus gives a maximum for f(r) = \/4 - x2- yz- 7
subject to the constraints x=1 and y = 1.

In the current problem, the level surfaces are determined by
K =f(N) =23-1> N; [1 + In(gs/N3)] (5.4.32)
for various values of K. For more familiarity, write this with (N1,N2,N3) = (X,y,z) to get

K =f(r) = x[1+In(g1/x)] + y[1+In(gz/y)] + z[1+In(gs/z)]

= (1+ Ing1) x + (1+ Ingz)y + (1+ Ing3)z - (xInx+ylny+zInz) . (5.4.33)
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The two constraint planes are then
X11+Xotx3 =N and g1X1teoXotesx3 =U . (5434)

Using gs; = 5000 as in our current example, we have Maple plot some level surfaces . First, we construct
the function f(r) as follows :

= (1+1In{gl))*x - x*In(x):
(1+In{g2) ) *y - v*In(y):
(1+In{g3)}*z - z*1n(=z}:
at+tb+o;

HoOT W
Il

F=l+higMar—allx)+ {1 +lnfg2 )y —yhiyi+ {1+ g z—zni=z)
Then we set the g; values and restate f(x,y,z),

gl := 5000: g2 := 5000: g3 := 5000:
aevalf(f)

BO17193191 x - Lo xnfx )+ 9517193191 y— 1Ly lnly) + 2517193191z - 1. z In(z) (5.4.35)

Finally we display level surfaces f(x,y,z) = K for K = 1000, 1500, 2000 .... 8000,

implicitplot3d{{seq(f = 500+500*W,N=1..15}}, x=1..1000,y=1..1000,=z=1..1000,
axes=boxed, style = patchcontour,grid = [15,15,15]1);

10004
8004 .
BO0D4 -
4007 -
2004

(5.4.36)

Each level surface has the shape of a smooth scallop shell. The two constraint planes x3+x2+x3 = N and
€1x1te2Xote3x3 = U intersect in a skewed straight line in this figure (the "intersecting constraint
surface"). There is only one point on this line where the constraint plane normals (1,1,1) and (g1,82,€3) are
coplanar with the normal to one of the scallop surfaces. For (g1,£2,e3) = (1,2,3) we found that the point is
roughly (x,y,z) = (N1,N2,N3) = (616,238,116) and this is the point which maximizes the function
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f(N) = 2321 N; [1 + In(gs/N3)] subject to the constraints £N;= 1000 and Ze;N;= 1000*1.5. Eq. (5.4.27)
shows that fpax = 3500.

5.5 Example: The Maxwell-Boltzmann Distribution

The System

In Sections 5.1-5.4 we dealt with a system having a finite number of discrete energy levels e; with
degeneracy g;. In the current section we shall consider a situation which has an infinite number of energy
levels which form a continuum which has no upper limit. However, we shall treat this continuum as if it
were a finely grained set of discrete energy levels so we can use the methods developed in Section 5.1. In
the end, we shall apply quantum mechanics to show that in fact the energy levels really are discrete.

The system of interest is a small box of helium gas near room temperature. Our "particles" then are the
individual gas atoms. The gas is treated as an "ideal gas" : atoms are indistinguishable (identical); there
are no at-distance interactions between the atoms; the atoms are small compared to the distances between
them; collisions between atoms and at the walls of the box are "elastic"; no energy is stored in any kind of
rotational or vibrational modes of the atoms. The atoms have "spin" 0 so they are bosons and therefore
any number of them can be placed into any given energy state, as in our previous examples.

The atoms are in a stable state of "thermal equilibrium" at temperature T. The box is sealed and insulated
to prevent the transfer of particles or energy in or out. The box contains some total large fixed number of
atoms M (to be computed below) and has some total energy U = Mu where u is the average energy of a
particle.

Connection to Sections 5.1 and 5.2

An atom of helium gas has kinetic energy
i = (12)mv? =g(v). (5.5.1)

This is the total energy of a particle having speed v = |v| and mass m. There is no potential energy because
the particles don't interact and because we ignore gravity which is only a miniscule effect for a small box
of gas. In classical mechanics, this energy &(v) is continuous because the speed v is a continuous variable.
So g(v) = (1/2)rnv2 represents the continuum of "energy levels" for atoms in a box of helium.

Let dv be some small but finite speed difference. The number of atoms with speed in this range is taken to
be N(v)dv, and the count of available states in the range we write as g(v)dv. The amount of energy in the
atoms with speed between v and v+dv is (v)N(v)dv. We shall determine N(v) and g(v) below.

To get a number to represent the degeneracy gi, we hop into velocity space where the axes are vg,vy,v,
and we note that the volume in this space corresponding to v in the range (v,v+dv) is 4nv2dv, since this is
the volume of a shell of radius v and thickness dv. As an artificial (at this point) construct, we shall
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assume that velocity space is not continuous but is a 3D lattice of allowed values and that the volume of a
lattice cube is V. Therefore, we write (at least for now),

g; = [4nv2dv]/V = g(v)dv where g(v) = (4nv?/V). (5.5.2)

All the g; states in this thin shell have energy €; = g(v). Note that volume V is a tiny assumed cell size in
velocity space, it is not the volume of our box of gas.

The number N; of atoms having energy €; is now,

Ni =N(v)dv, (5.5.3)
and then
gi/Ni = [g(v) dv)/[N(v)dv] = g(v)/N(v) . (5.5.4)

We have the same two constraints as in Section 5.1, but here they take the form

(0e)
M=%:N; = | , Ny

U= SieNs= | 0°° &(v) N(v)dv . (5.5.5)

As noted, the distribution of atoms into the energy states is described by N(v). The elastic collisions
between atoms and the walls do not affect N(v) but merely redirect an atom's velocity vector without
changing the speed v. However, elastic collisions between atoms can and do alter velocities. Before a
collision two atoms might have velocities v1 and v, and after v'; and v',. But since the collisions are
elastic one has E1 + E; = E'; + E',, so the total energy U is not affected (nor is M affected). It is true that
a collision rearranges the two atoms' positions in the energy level diagram since in general one won't have
E; = E1'and E» = E',. But for every such rearrangement, the exact reverse rearrangement is equally likely

020

in some other collision in the box (which contains perhaps 1 atoms), so overall the inter-atomic

collisions don't affect N(v).

Recall from (5.1.3) that we had this microstate count, assuming g; >> Nj.

g’ g2 gn ™ gt
Q(N):Nl! No! " Np! = Ii=1 N;! - (5.1.3)

What happens to this expression for Q when there are an infinite number of energy states which are
spaced closely together? We might write

e G

Ni! = [N(v)dv]! (5.5.6)
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and one gets a product of an infinite number of terms,

» (gndy) &
(N(ndv)dv)!

Q(N) = Iamo (5.5.7)

Just as an infinite sum Xja, can converge only if a, — 0, an infinite product Ilha, can only converge if
an— 1. There is a developed theory of such infinite products, but we leave this topic to the interested
reader. Here are a few examples of infinite products,
c ==}
= H e
c—z o4

(2)"

-

ot - T (1- )

L=

ﬁ = ze'fzill (1 + %) e

https://en.wikipedia.org/wiki/Infinite_product (5 58)

and one sees that a, — 1 in all cases.
The object f=In(Q) shown in (5.2.3) is a little more tractable since it is merely an infinite sum,
f= Zi Nj [1 +1In(gi/N;)] (5.2.3)
= Yn=o" N(ndv)dv [ 1 + In{g(ndv)/N(ndv)}] . (5.5.9)

We shall avoid dealing directly with Q or f = In(Q) and instead just make use of results derived in
Sections 5.1 and 5.2 for a finite number of energy levels.

The Maxwell-Boltzmann speed distribution

Our main result of interest is (5.2.11) which says that the components N; of the vector N which causes Q
to have a maximum are given by,

Ni=A g;ePei, (5.2.11)

where A = ¢ and B = - A, are the derived Lagrange multipliers. Using (5.5.1,2,3) for €5, g; and N; we

write the above as
(N(v)dv} = A {[4nvdv]/V} {exp(-Pmv?/2) }

or
N(V) = 41(A/V) vZ exp(-pmv>/2) . (5.5.10)
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We thus arrive (with very little work) at the famous Maxwell-Boltzmann speed distribution. For now we
ignore the constant 4n(A/V) -- it will be dealt with later. The general shape of this distribution is as
follows :

plot (H,v=0. .4 ,thickness = 2}

0.357
0.3
0.259
0.2
0.157
0.1

0.051

1]

—

= kI
o
e

(5.5.11)

The quadratic left end of the plot arises from vZ where exp = 1, while the right end comes from the
decaying exponential which here is just exp(-v?).

Mean Values
Knowing the form (5.5.10) of N(v) allows us to compute various mean values.

The first item of interest is the mean energy of a particle in the gas,

[ % (1/2)mv? Nv)dv [ % ¥4 exp(-pmv2/2)dv
< mu= ——— — (m2) —~ .
| , Ny ] . v2 exp(-pmv3/2)dv

We can make use of the following integral
f ® n 2 _ - (n+1) /2 .
o v exp(-av)dv = (1/2) I'[(n+1)/2] a /I Spiegel 15.77 (5.5.12)

with a = fm/2 to obtain

T(5/2)(Bm/2)~/2
<g>=u =(m/2) FE”%EE m/2§—3/2 —(m/z)iﬁ)h\lg(z/ﬁ )=(3/2)(1/B) = (3/2)kT , (5.5.13)

a result we quoted earlier. This is an example of the "equipartition theorem" which says that each
independent quadratic term in the energy expression ends up getting (1/2)kT of energy in equilibrium. In
our case we have three terms since &(v) = (1/2)rnvx2 + ( 1/2)rnvy2 +( 1/2)mvzz.
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Next we calculate the mean speed v of a particle,

fo v N(v)dv fO v~ exp(-pmv~/2)dv

r2)pm2)?

J 000 N(v)dv ) fow vZ exp(-pmv?/2)dv ~TG2)(Bm/2) "

:\/ﬁ([}mﬂ)'l/z = (2/\/7_t)\/2/[3m =+/8/Brmm =~/8kT/zm .

The root mean square speed is given by

/<(1/2)mv2> 2 2 /3 /3kT
VmsE\/Zg= W =\/¥\/<_s> =\/¥ EkT “\/m -

Finally, the peak speed (most likely speed) occurs where the distribution slope is zero :

H :=v"2%exp(-beta*m*v"2/2),

1
[-3en7)
o 2
N=vTe
diff{H,v),
1 1
(——Bmsz (——Bmsz
2 2 2
2ve -v pme
solve(diff(H,v)}=0,6v),
Uﬁaﬁﬁm _»\Ea.lﬁm
Copm 3 w22

and the meaningful root is the second item, so

2K
Vpeak = m -

—

We now summarize our conclusions about mean values,

<g>=u = (3/2)kT

2kT ,kT

Vpeak = m = 141 E = 1.00 Vpeak
8kT [kT

Vmean = m = 1.60 E = 1.13 Vpeak
3kT kT

Vrms = m = 1.73 E = 1.23 Vpeak

The three speed values are not very far apart.

(5.5.14)

(5.5.15)

(5.5.16)

(5.5.17)

(5.5.18)
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Determination of the derived Lagrange Multiplier A

Recall from (5.5.10) that.
N(v) = 4n(A/V) vZ exp(-pmv?/2) . (5.5.10)

The total number constraint requires that
® ® 2 2 -3/2
M= | , NV = 4n(AV) fo v2 exp(-Pmv3/2) = 4n(A/V) (1/2)\[7/2)(Bm/2)

= 4n(A/V)A[n /4) (Bm/2)3/2 . (5.5.19)
Therefore
Am(A/V) =M (4A[m) (Bm/2)3/2
and then
N(v) = (4MA[n) (Bm/2)3/2 v2 exp(-pmv?/2) (5.5.20)

which agrees with Zemansky p. 159 Eq. (6-25). Notice that the lattice cell size V in velocity space does
not appear in this result, so it applies whether V is finite or V—0 which is the classical limit.

In our study of the discrete-state Boltzmann problem in Section 5.2 it was noted that N is the "solution
vector" which has "components" N3 = Agse P€i. In the continuum problem the "solution vector" is the

entire continuous function N(v) while the "components" are N(v)dv for specific values of v.

The other constraint U = fooo €(v) N(v)dv tells us what we already know from (5.5.13),

u=J 000 e(v) N(v)dv = <e> f0°° NW)dv = <e>M =uM = (3/2)kTM . (5.5.21)

We would like now to verify that Ny << g; since (5.2.11) that N3 = A g; e P®i depends on this

assumption. From (5.5.4) we must therefore show that N(v) << g(v). But so far we have g(v) = (4nv?/V)
from (5.5.2) where V was our assumed lattice cube size in v-space. Taking V—0 results in g(v) = oo and

then certainly N(v) << g(v). We now visit the quantum mechanics department to obtain the correct value
for V.

Quantum Mechanics and Determination of V

To determine the quantum theory value of V in (5.5.2), we consider the problem of a single theoretical

point particle in a cubic box of edge L. The Schrodinger equation says PAI\u(r) = gy(r) for a single particle
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wavefunction y, where the Hamiltonian operator flis just p2/2m. Here p = (-h/i)V (a key assumption of

quantum theory), so p? = - h2V?. The constant h is h/(21) where h is Planck's constant,
h=6.62607x1073*Js  h=1.0545718x1073*Js h =h/2r) //Joule-sec

The Schrodinger equation then reads -(1/2m) h®V?y = ey. We seek a solution to this equation which

vanishes at the 6 walls of a cubic box of edge L. This is so because y must be continuous and y = 0

everywhere outside the box since there is no probability |\|/|2 that the particle is outside the box. That
solution is

\annynz(X,y,Z) = K sin(nnyx/L)sin(nnyy/L)sin(nnzz/L) n; =1,23... . (5.5.22)

The constant K is determined by requiring that the probability of the particle being in the box is 1,

L L L )
| , & ] , & ] ) 92 Wognyn (3.2 = 1. (5.5.23)

L
Since fo dx sinz(nnxx/L) = (L/2) the above says KZ(L/2)3 =1so

K = (2/L)*/2. (5.5.24)

In (5.5.22) setting ny = 0 results in y = 0 which cannot be normalized to 1 and is a non-solution. A
solution with ny = -2 is minus of the solution with ny = +2 and so these two solutions are really the same

solution. Solutions must be linearly independent to be separately counted. That is why we have written
n; =123.. .

The Schrodinger equation then says

A2 2
f_m V= ey = “m Vi =gy = -h?V2y = 2mey =
-h® ( [-(mny/L)? - (mny/L)? - (mnz/L)? | )y = 2mey /I using (5.5.22) for y

or

(th/L)? [ ny®+ny?+n,?] = 2me
or

e=(2m)"* (nh/L)? [ ne*+ny®+n,°] ng=123. . (5.5.25)

We arrive at the interesting conclusion that the energy spectrum is not continuous but is discrete. It is
quantized. Setting € = (1/2)mv? we find that

v? = (mh/mL)? [ ng+ny®+n,?] (5.5.26)

so the speed variable is also discrete, not continuous.
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If we now think of velocity space with v = (vg,vy,vz) then the above says

Ve2 = (mh/mL)?ny> vy? = (mh/mL)?ny? vz2 = (nh/mL)?n,> (5.5.27)
so then
V= (Vx,Vy,Vz) = (nh/mL)(ng,ny,nz) . (5.5.28)

In the space (nx,ny,nz) the lattice cube size is 1. Therefore, in v-space this cube size is (711'/1/mL)3 . We have
now found a value for the parameter V in (5.5.2):

gi = [4TEV2dV]/V =g(v)dv where g(v) = (4nv2/V) . (5.5.2)

V = (nk/mL)> . (5.5.29)
But now we make a correction. Since v = (th/mL)(ng,ny,n;) and since n; = 1,2,3..., when we count states
we should only include the first octant shell of v-space where v,vy,v; are all positive. Thus, we correct
(5.5.2) as follows:

gi = [(1/8)4nv2dv]/V =g(v)dv where g(v) = (1/8)(4nv2/V) . (5.5.2)corr

V = (nk/mL)3. (5.5.30)
The degeneracy function is then

g(v) = 22V = (1/2)nv? (nh/mL)™> = (1/2)nv? (h/2mL)™> = (1/2)nv3(2mL/h)>

= 4n(mL/h)3v? . (5.5.31)

As a check on this result, integrating it from 0 to v' gives

(4n/3)(mL/h)3(v?)*/2 = (4n/3)(mL/h)3(2e/m)3/? = (4m/3)(L/h)*(2e'm)>/2
and this agrees with Zemansky p. 272 Problem (10-2) (answers on p 645).

At this point we have determined that,
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N(v) = (@MA[1) (Bm/2)>/2 v2 exp(-pmv?/2), B = 1/(kT) (5.5.20)
g(v) = 4n(mL/h)>v? (5.5.31) (5.5.32)
where m = mpye is the mass of a helium atom.

Numeric Values for N(v) and g(v) and g(v)/N(v)

We now seek numeric values for N(v) and g(v) for a 1 cm® box of helium at room temperature. Before
entering constants, we create expressions for N, g, g/N and vy, (Vmean from (5.5.14)) as follows, where the
Maple v -> construct is used to define a function of v :

H = v-> M*{(4/sqrt(Pi}) *(beta*mHe/2) " (3/2)*v 2%exp(-beta*mHe*v"2/2},

3 1 o
[E] (—EBMH?V ]
M2 (pmis) " v e

N=v = '\/;

g = v—> 4*Pi*{(mHe*L/h) "3*v"2,

an93L3v2

}z3

g over M := unapply(g(v)/W{(v} v), # note that the v"2's cancel
2
b mH93 ;’.'.3 »\fE
g over W=v =2 3 1
(EJ (——BmHe vz]

3 2
BT M(P mHe) e

g=v =>4

v = sqri(8*k*T/(Pi*mHe))

vm:=2»\f€ kT

T mide (5.5.33)

Detail: The strange "unapply" command causes g over N(v) to be a function of v, namely g(v)/N(v). If
we don't do it this way, g _over N(0) reports a divide by 0 error at v = 0 since N(0) = 0.

Notice that the g/N ratio takes its smallest value at v = 0 where exp(Pmgev?/2) = 1. Since we want to
show that g/N >> 1, showing this at v = 0 guarantees that g/N >> 1 for all v.

Our first task is to compute the number M of helium atoms in the box. This can be found from the ideal

gas law PV = NKT which applied to our situation says PL® = MKT. We display units as if they were
Maple variables, which allows a "dimension check" for all our results.
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L = le-2%m,

P := 1.01325e5*Pa,

T := 294 * K,

k := 1.38064852e-23*J/K;
J = kg*m"2/s5"2;

Pa := kg/{m*s"2)

M = P*L"3/(k*T}

# box edge length 1 cm

L=.01m
# atmospheric pressure in Pascals
F=101325 Pa
# room temperature TOF = 21C
T=28 K
# Boltzmann constant Jounles/Kelvin

oo J
= 138064852 10 22
&

# Joule converted to basic units

2
kgm
s em”
2
z
# Pascal converted to basic units
k
Fﬁ:='—£i—
2
ms
# He atoms in the box; gas law says PV = MkT
M= 2496238921 1020 (5.5.34)

So there are M = 2.5 x 10*° helium atoms in our 1 cm> box.

Next compute the derived Lagrange multiplier value p = -A, = 1/(kT), and take a look at the basic energy
scale for a helium atom kT:

unassign('J")

beta :=

k*T,

subs(J =

subs(J =

1/(k*T) ;

leT*erqg , k*T) ,;

6.242e+18%aV, k*T),

# derived Lagrange multiplier

_ 211
fo= 2463596270 10
# (2/3) the average energy of an atom

A059106645 10_20Lf

# the above expressed in ergs

4055106649 10_132rg

# the above expressed in electron-volts
02533694370 28 (5.5.35)

Since it takes 19.8 eV to excite helium out of its electronic ground state, and since (3/2)kT = .038 eV, the
elastic collision aspect of our ideal gas assumption is well justified at room temperature.

Next, set the mass mye of a helium atom,

mP = 1.6726219%e-27*kg;

mHe := (4*mP}) ,

# mass of a proton

fﬁP:=.1672621910-26kg
# Helium mass = roughly 4 proton masses
mﬁk:=.669048?6]0-26kg (5 5 36)
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Recall that g; = g(v)dv and N3 = N(v)dv so we expect g and N to have units of inverse velocity. Here
then are the numeric values for vy, N(vp) and g(vp) :

vm: simplifv({%),

L
1242957554 —
&

H{vm): simplifv{%),

5
AB22716279 101?—
e
g{vm) ;
g
1958608382 1023—
e
givm) /M {vm): simplify{(%=),
7
096500538 10 (5.5.37)

The mean helium atoms are moving along at a respectable clip, 1243 m/sec (2,780 mph). Of course they
don't go far between collisions.

The ratio g(vm)/N(vy) is thus about 10°, which justifies the assumption that g(v) >> N(v) and g; >> Nj, at
least at the mean velocity vp. As noted above, the lower bound for this ratio occurs at v = 0 where we
have,

g over H(0}:simplify (%),
3069360792 (5.5.38)

and even here we have g(v) >> N(v). Here is plot of g(v)/N(v) from v = 0 up to 4 times the mean velocity,

logplot (eval(g over M(v}, [s=1,m=1 kg=1]),v = 1..4%eval{(vm, [s=1,m=1]} , thickness=2),

Te+1d+
Te+134
Te+123
Te+114
Te+104
Te-+15+
1e+183
Te+17 3

Te+J6

1000 2000 3000 4000
v (5.5.39)
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One can view the first octant of the velocity sphere as consisting of a large number of tiny cubes (size V)
which are the available quantum states. Only a tiny fraction of these cubes are occupied by particles. For
example, in the shell of the sphere at speed v = 2200 m/sec, the above graph shows that only about 1 in
107 cubes is occupied, all the rest are empty. The occupancy here is much sparser than in our 3-level
example of Section 5.4 where the €2 state had N2 =268 out of gz = 5000 states occupied.

The ensemble

The smooth N(v) distribution shows the ensemble average for N3 = N(v)dv at various speeds. If one were
to examine a particular system in an ensemble of one billion 1 cm? boxes of helium, and if one were to
divide the distribution into a set of vertical strips each having a large number of atoms, one would
measure a set of Nj values that do not quite match the distribution curve. For each such strip there is a

"bell curve" of the type shown in Fig (5.3.18) which has a fractional half-width on the order of 1/A/Ng
where Nj is the (large) number of atoms in a strip. We illustrate this idea in the following drawing,

SPR
Al

N(v) R\i

o f
v r (5.5.40)

which is analogous to Fig (5.4.29) for the 3-level system of Section 5.4. One could display on this picture
a set of red dots right on the curve, and black dots within the bell curve at each v (we drew one pair of
such dots only), as discussed relative to (5.4.29). In the current situation, if one were to dramatically
increase the number of strips to drive Ng down to a much lower number, the bell curve widths would
increase dramatically, and a pattern of black dots if connected by lines would have a very noise-like
appearance, hardly resembling the red curve.

Summary

Applying the discrete-energy-level result N3 = Agse P developed in (5.2.11) (using the method of

Lagrange multipliers) we have obtained a set of results concerning the nature of a small box of helium
atoms at room temperature. The distribution of particle speeds has the Maxwell-Boltzmann shape shown
in Fig (5.5.11) and the corresponding expression for the speed distribution N(v) is given in (5.5.32). The
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distribution of energy level degeneracies is given by g(v) also in (5.5.32). We used quantum theory only
to determine the tiny lattice size V in v-space which causes the speed and energy of a helium atom to be
quantized. For this specific example we showed that g; >> Nj thus justifying the use of (5.2.11). We
showed along the way that the average helium atom energy is (3/2)kT and hinted how one might derive
the equipartition theorem of which this is an example. Expressions were found for the mean, rms and
peak speeds of the N(v) distribution.
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Section 6. Matrix proof of the Method of Lagrange Multipliers

In Section 2 it was shown that the Method of Lagrange Multipliers (Theorem 2) follows directly from
Theorem 1, and is really just a restatement of Theorem 1 which we quote:

Theorem 1: A point r is a "stationary point for f(r) subject to constraints a;(r) =0" < (1.24)

(a) ai(r)=0 fori=1,2...C (point r must satisfy all the constraints )
(b) There exist C constants A; such that Vf(r) + £321 A3 Va;(r)=0.

Our proof of Theorem 1 was entirely geometric in nature. We talked about surfaces, normals to surfaces,
tangent spaces, perp spaces, the intersection constraint surface, and so on. In this section, we shall
rederive Theorem 1 using a certain "R matrix", though some geometry still appears. The reader should
regard this simply as an alternative derivation of Theorem 1.

As in Section 1, a certain amount of background material is necessary to provide a framework for the
proof. We define S = C+1 so the number of constraint functions is C = S-1, and we rename the constraint
functions to be a,b,c....q instead of a1, ap, as....ac. The purpose of this renaming is to avoid having double
subscripts on a constraint function, one identifying it and one indicating a partial derivative.

6.1. The R matrix and its Rank

We shall operate in N dimensional Euclidean space EN with coordinates r = (X1, X2 ... XN).

We seek stationary points of a real function f(r) subject to S-1 constraints a(r) = 0, b(r) =0, ... q(r) =0
where we use q generically to represent the last constraint function. For example, if there are two
constraints, then S = 3 and the two constraint equations are a(r) = 0 and b(r) = 0. So here is the problem:

find the stationary points of f(r) subject to constraints a(r)=0, b(r)=0, c(r)=0, .... q(r)=0. (6.1.1)
1 2 3 S-1

Construct the following matrix of partial derivatives, where fi(r) = 0if(r) = Of(r)/0Oxi. That is, the
subscript on f indicates which of the arguments x1,X2, X3....Xy the partial is with respect to. So here is that
matrix, which we shall call R :

f1 fa f3 fu f \V4i
a ap a3 an a Va
R = b1 bz b3 bN = b = Vb
q1 q2 q3 In q Vq

(6.1.2)

For example, f5 = 0f(x1,X2, X3....Xn)/0X2.

On the right we abbreviate each row of functions in beld, indicating a row vector like f = Vf.
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The R matrix has S rows and N columns. We shall only be interested in N > S which is the same as
saying N > C+1 or N > C. Recall from the discussion below (2.8) that if N < C, the problem is
overconstrained and one cannot seek stationary points where df = 0. If N = S, the R matrix is square,
otherwise for N > S it has more columns than rows, so it has a horizontal band shape.

The maximum possible rank of the above matrix is S since this is the smaller of the number of rows
and columns (see below). S would then be the "full rank" of R.

Since all the functions are functions of r, we really have R(r). As the point r is varied, the elements of
the matrix R(r) generally change.

If S = N, the matrix is square and we can talk about the determinant det(R). In this case there is only one
SxS "submatrix" and it is the entire matrix R.

If S <N, the matrix is wider than it is tall. In this case, we can talk about square submatrices within R
which are of shape SxS. For example, for N = 6 and S = 4 we have three constraints and the R matrix is
this,

fl f2 f3 f4 f5 fﬁ

ag a9 az ag as ag
R= l)1 l)2 b3 b4 b5 b5
€1 C2 ¢3 Cq C5 C6

(6.1.3)

Here we have outlined two 4x4 submatrices in red and blue. The columns of a submatrix need not be
contiguous, so the three green boxes indicate another 4x4 submatrix. In this example, the number of
submatrices is given by the binomial factor (6,4) -- pick a committee of 4 columns from 6 candidates. So
we have shown only 3 out of (6,4) = 6!/(4!2!) = 15 possible 4x4 submatrices. We can indicate a submatrix
using this notation:

red = (fl,fz,f3,f4) blue = (fz,f3,f4,f5) green = (fl,fz,f4,f5) . (614)

That is to say, we abbreviate the submatrix by stating only the values in the first row of the submatrix.
Since our main interest will be whether or not the determinants of these 4x4 submatrices vanish, the
ordering of the columns within a submatrix is not important.

For the general R matrix shown in (6.1.2) with N columns and S rows, there are (N,S) possible
submatrices of size SxS. A particular submatrix is then indicated by a sequence of S subscripted f values.

We now quote a few facts from linear algebra concerning the rank of a matrix:
Definitions: A minor of matrix A is the determinant of any square submatrix of A obtained by crossing

out some rows and columns The rank r of an m x n matrix A is the dimension of the largest non-
vanishing minor within A. [Shilov 1.92 ] Thus, r < min(m,n). (6.1.5)
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Definitions: [Shilov 2.21] Consider an m x n matrix A. Let ri, r2, ...y be an arbitrary selection of N
rows (row vectors) from the matrix A. This set of N rows is linearly dependent if one can find a set of
constants k; at least one of which is non-zero such that

kirp+tkora+...+tkyry=0 . (616)

There could be several such equations, or there could be only one. This generally means that at least one
row can be expressed as a linear combination of the other rows. A legal such equation would be r2 = 0 in
which case kz = 1. One could then say that r is a linear combination of the other rows with coefficients
all zero. In any event, if one or more rows are all zeros, a set of N rows are linearly dependent. If no such
equation (6.1.6) exists, then the set of N rows is linearly independent. For example, the set of vectors r;
=(1,0) and rz = (0,1) is linearly independent.

The above discussion also applies to columns. Take "row" — "column" and r; — ¢; .

Facts: The rank r as defined in (6.1.5) has these properties for any m x n matrix A: (6.1.7)
(a) the rank r equals the number of linearly independent columns of A [Shilov 3.12 ]
(b) the rank r equals the number of linearly independent rows of A [Shilov 3.13 ]

In Appendix A below we provide our own proof of the claims of (6.1.7).

With the above as background, the following theorem is fundamental to our matrix proof of Theorem 1 :

Theorem 3. Point r is a "stationary point of f(r) subject to the constraints a=0,b=0...q=0" <
rank[R(r)] <S. (6.1.8)

But, according to (6.1.7b), rank[R(r)] < S < the rows of R shown in (6.1.2) are linearly dependent since
there are S rows in R. Therefore rank[R(r)] < S < VIf(r) + A1Va(r) + AVDb(r) + ... + As-1Vq(r) = 0 for
some A;. Thus Theorem 3 < Theorem 1 of (1.24). But we know from Section 2 that Theorem 1 <
Theorem 2, so proving Theorem 3 provides an alternate proof of the Method of Lagrange Multipliers.

According to the rank definition (6.1.5),
rank(R) <S = all SxS submatrices must have zero determinant (6.1.9)
If, for example, the red submatrix in Fig 1.3 had a non-zero determinant, then rank(R) =4 = S.

The point of Theorem 3 is that the solution point r of the constrained stationary point problem must be a
point where the R(r) matrix drops below full rank. We shall prove Theorem 3 in the = direction in
Section 6.2 by showing that, if r is a stationary point, then all those SxS submatrices discussed above
have zero determinant and thus rank(R) < S. If one is searching for candidate solutions r to the stationary
point problem, one can restrict one's search to points r for which rank[R(r)] <S.

The proof of Theorem 3 in the <= direction is fairly simple. If rank(R) < S, then the rows of R are linearly
dependent by (6.1.7) and then Vf(r) + A1 Va(r) + A2Vb(r) + ... + As-1Vq(r) = 0. This implies that

df(r) = V(r) e dr = — Aq[Va(r) e dr] — A2 [Vb(r) ® dr] — ...... — As-1 [Vq(r) ® dr] (6.1.10)
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for any dr. Restricting to dr which don't violate any of the constraints, we know that each term on the
right vanishes. For example, Va(r) e dr = 0 because Va(r) is normal to the surface a(r) = 0, see (1.2).
Since all the terms on the right above then vanish, we get df(r) = 0 and r is a stationary point of f by our
definition (1.18) of a constrained stationary point.

Comment on the R matrix. Imagine a general transformation from x-space x = (x1, X2, ....Xy) t0 U-space

with coordinates u = (us, Uy, ... ug). One might write such a transformation as u = F(x) where F:EN— ES.
Although this transformation in general is non-linear, in a tiny neighborhood of point x in x-space (and
the corresponding point u in u-space), the transformation will be linear if certain conditions are met. That
local linear relation is then described by du = Rdx where R is a matrix (N columns, S rows) whose matrix
elements are R; 5 = 0ui/0x5. If we think of

f=u1(x1, X2, ....XN) Ri1 =0ui/0x1 = of/lox1 =13 Rio=1 etc.
a=1uz(X1, X2, ....XN) Ro1 =0us/0x1 = 0a/0x1 = az Ros=ay etc

b =us(X1, X2, ....XN)

q =us(X1, X2, ....XN) (6.1.11)

then the matrix shown in (6.1.2) is exactly the R matrix for this general transformation u = F(x). If S <N,
then the R matrix is not square, the relation du = Rdx is a "projection" of a larger space into a smaller
one, and the equation therefore cannot be inverted. This notation "R" is used extensively in our Tensor
Analysis document, see in particular Chapter 2, though only invertible transformations F:E"— EN are
considered there. Sometimes R is referred to as "the differential” of a transformation.

6.2. Proof of Theorem 3 (=)

Theorem 3. Point r is a "stationary point of f(r) subject to the constraints a=0,b=0...q=0" <
rank[R(r)] < S. (6.1.8)

(a) Proof for N=6and S =4

The more general the proof is made, the less clear it becomes due to the notational baggage that must be
added. Therefore we shall prove Theorem 3 for the specific case shown above in Fig (6.1.3) where N = 6
and S = 4 (3 constraints). The reader should have no trouble following each step for this sample case.
When we reach the proof conclusion for the sample case, we start over again doing the general case and
compare each step to the steps of this sample case. Although a lot of equations appear below (and a lot of
column inches are consumed), everything is really quite simple.

So, for our sample case we start off with this R matrix, again with bolded row vectors on the right,

fi f2 f3 fa fs fe f
al az as ag as de a

R = b1 bz bs ba bs be = b (6.2.1)
C1 C2 C3 Cq Cs Ce c
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We want then to find an stationary point of f(x1, X2, X3, X4, X5, Xg) subject to these constraints:

a(x1, X2, X3, X4, X5, Xg) =0
b(x1, X2, X3, X4, X5, Xg) =0
(X1, X2, X3, X4, X5, Xg) = 0. (6.2.2)

In practice, a person solving this problem might try to eliminate variables. For example, somehow with
enough labor one should be able to "use up" the three constraint equations to eliminate three of the six
variables x;. There are of course (6,3) ways to select three variables for elimination.

For starters, imagine that we have used up the 3 constraints to eliminate variables x1, X and x3. Then

we write
1
a(x1, X2, X3, X4, X5, Xg) =0 x1 = X"(Xa4, X5, X¢)
2
b(x1, X2, X3, X4, X5, Xg) =0 = X2 = X“(X4, Xs, X¢)
3
C(Xl, X2, X3, X4, X5, Xs) =0 X3 = X (X4, Xs, XG) (623)

where Xl, X2 and X3 are three resulting functions. This is a "theoretical" elimination, one does not

actually have to do the process, one need only understand that in principle it could be done and the
functions X* could in principle be found. See Appendix C for an elaboration of this point.

Now rewrite the function f and the three constraint functions in this manner, substituting for example the
function X* for x1 everywhere it appears,

1 2 3 _

(X" (x4, X5, X6), X (X4, X5, X6), X (X4, X5, X6), X4, X5, X¢) = F(X4, Xs, X6)
1 2 3

a(X (X4’ Xs, X5)’ X (X4a X5, XG)a X (X4, X5, XG)a X4, X5, XG)
1 2 3

b(X"(xa, X5, X6), X“(X4, X5, X6), X (X4, X5, X6), X4, X5, X6)

A(X4, X5, X6)
B(x4, X5, X¢)
C(x4, X5, Xg) . (6.2.4)

1 2 3
C(X (X4’ X5, X5)’ X (X4a Xs, XG)a X (X4, Xs, XG)a X4, X5, XG)

In this way we have defined four new functions F,A,B,C each of the 3 variables shown (those that were
not eliminated).

Next, compute the first partial derivatives of F using the chain rule. For example

oF _ofoxt  of oXP of 0X°  of rs
Oxq  Ox1 Oxq OX2 OX4 0x3 OXa OXq (6.2.5a)

In our compact notation where F; means OF/0x; this can be restated as
Fg=fiX s + X2 +£5X3, + 1 . (6.2.5b)
Doing this for each of the non-eliminated variables one gets,

Fo=fiX'e + X% + £3X3, + £,
Fg = f1X15 + f2X25 + f3X35 + fg
Fe= f]_Xls + f2X26 + f3X35 +fg . (626)

72



Notice that the subscripts on the leftmost three f; correspond to those of the eliminated variables i = 1,2,3.

Now, since we are seeking an extremal point of F(x4, X5, Xg) With no constraints at all (the three initial
constraints have all been absorbed in the process of eliminating three variables), we require that (x4, Xs,
xg) be a "critical point" for the function F, which means we require that F4 = F5 = Fg = 0. Then the above
equations become,

f1X g + X% + f3X5, +f4 =0
f1X15 + f2X25 + f3X35 +fs =0
f1X 6 + £2X%6 + f3X76 +f6 = 0. (6.2.7)

Now apply the same process to the three constraint functions A,B,C. First compute the derivatives, and
then set the derivatives to zero. One does this for A(xa, X5, Xg), for example, because the constraint
condition a = 0 says that that A(x4, X5, Xg) = 0 = a constant, for all values of x4, x5, X¢ , so all first
derivatives must vanish. Doing this for function A then gives these three equations,

31X14 + 32X24 + a3X34 +ag =0
31X15 + 32X25 + a3X35 + as = 0
a1X'6 +a2X%6 +a3X36 +ag =0. (6.2.8)

We have just taken the previous equations and replaced f— a everywhere. Then do this for B and C. One
ends up then with this set of 12 equations:

f1X2 4 + X% + f3X3, +f4 =0
f1X15 + f2X25 + f3X35 +fs =0
f1X16 + f2X25 + f3X35 +fe =0

31X14 + 32X24 + a3X34 +ag =0
31X15 + 212X25 + a3X35 +ag =0
a1X15 + 32X26 + a3X36 +ag =0

b1X14 + b2X24 + b3X34 +bg =0
b1X15 + b2X25 + b3X35 +bs =0
b1X16 + b2X26 + b3X36 +bg =0

C]_X14 + 02X24 + C3X34 + Ca = 0
01X15 + 02X25 + C3X35 +cs =0

c1X'6 + c2X%6 T c3X36 + 06 =0. (6.2.9)

Here there are S = 4 equation groups, and each group has N-S+1 = 6-4+1 = 3 equations (this last 3 is the
number of non-eliminated variables).

Next reorder these equations into three groups of four, for example taking the first equation in each group
above to make the first new group below,
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f1X14 + f2X24 + f3X34 +1f, =0

31X14 + 32X24 + a3X34 +ag =0
b1X14 + b2X24 + b3X34 +bg =0
01X14 + 02X24 + C3X34 +cqg =0

£1Xs + £,X%5 + f3X35+f5 =0

a1X's + a2 X?%5 + a3X35 +as =0
b1X15 + b2X25 + b3X35 +bs =0
c1Xts + caX?%5 + c3X35 +c5 =0

f1X16 + f2X26 + f3X36 +fg =0
a1Xt6 + X% +a3sX36 +ag =0
b1X15 + b2X26 + b3X36 +bg =0
c1X'e +caX?6+caX6+ce =0 . (6.2.10)

Now there are N-S+1 = 3 equation groups, and each group has S = 4 equations.

Next, write each of these three equation sets as a matrix equation,

0 fi f2 f3 fa X:4 Xz4

8 - lii la)lz 22 Ei ;(32 = (f1, 12, 3, fa) isj

0 C1 C2 C3 Cq 1 1

0 fi f2 f3 fs X;s Xzs

8 - Ei Ez gz EZ §3Z = (f1,f2, f3, fs) ;(3:

0 C1 C2 C3 Cs 1 1

0 fi f2 f3 fe X;s Xzs

8 - lii Ez EZ liz §3Z = (f1,12, f3, fe) ;(3: . (6.2.11)
0 C1 C2 €3 Ce 1 1

On the right we show our abbreviated notation for a matrix, just showing the first row.

Now we claim that the three matrices shown must have zero determinant! Suppose the first matrix
equation had a non-zero determinant. It could then be inverted (see (B.4.8)) to give

= (f1 fa, f3, )t (6.2.12)

SO OO
SO OO
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But this produces a blatant contradiction that 1 = 0 (not to mention the other rows), and therefore we must
have

det (f1,f2, f3, f4) =0
det (fl,fZa f3, f5) =0
det (f1,f2, f3, fs) =0
or
det (fy f2, f3, fz) = 0 m#123 . (6.2.13)

Therefore, we have shown that three of the SxS = 4x4 submatrices of Fig (1.3) vanish. But there are (6,4)
= 15 such submatrices, and in order to show that rank(R) < S, we have to show that all 15 SxS
determinants vanish.

But that can be demonstrated by starting over several times and each time choosing to eliminate three
different variables. Notice in the det = 0 equations above that the first three f; values correspond to the

three eliminated variables x1, X2 and x3, Had we instead chosen to eliminate x1, X2 and x4, we would
have obtained,

det (fl,fZa fq, f3)=0
det (1 £, fa, f5) = 0
det (fl,fZa fq, fe) =0
or
det (f1 £, fa, fw) = 0 m#£12.4 . (6.2.14)

More generally, had we chosen to eliminate variables x;, x5 and xx (1# j # k), we would have obtained
det (fy 3, fx, fn) =0 m#Zijk . (6.2.15)

As 1,),k range over all possible values 1,2,3,4,5,6, we clearly hit all possible 4x4 subdeterminants, and
thus we have shown that they all vanish, and therefore rank(R) <S, QED.

Lest it be overlooked, one must keep in mind that r = (x1, X2, X3, X4, X5, Xg) must be a stationary
point of f(r) subject to the constraints. And then the conclusion is that, for such a solution point r, one has
rank[R(r)] <S.

To summarize, one theoretically eliminates S-1 of the N variables to create the functions F,A,B,C of
(6.2.4). One then looks for the normal (unconstrained) critical points of F where all partials vanish. Since
the constraints all have the form A = 0, B = 0, C = 0, their partials vanish as well. Writing all these
equations in matrix form (for various sets of eliminated variables) leads to the conclusion that all the SxS
minors of matrix R vanish so that rank(R) < S.

(b) Proof for general S <N
To generalize now to general N and S, we restate some of the previous equations (adding a prime to the

equation number) using a more generalized notation. The reader will note how even our simple notation
becomes rather unpleasant.
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We start off with this R matrix which has N columns and S < N rows. The S-1 constraint functions are
a,b,....q. Remember that f; means of/0xa.

f]_ f2 f3 fN
al az as aN a

R = b1 bo bs by = b (6.2.1)
q1 q2 q3 qn q

Here are the S-1 constraint equations,

a(x1, X2, ...xy) =0 // S-1 constraint equations

b(x1, X2, ...Xx) =0

q(x1, X2, ..Xny) =0. (6.2.2)

Eliminate (theoretically) the first S-1 variables X1,X2....Xg-1 using the S-1 constraint equations:

a(xi, X2, ...xy) =0

1
X1 = X7(Xs, Xs+1 --- XN)
b(Xl, X2, ...XN) =0 =

2
X2 = X“(Xs, Xs+1 .. XN)

q(x1, X2, ..Xy) =0 Xg-1 = Xs_l(xs, XS+1 ... XN) - (6.2.3)

Substitute to get the F,A,B...Q equations (a set of S equations),

1 2 s-1

f(X (Xs, XS+1 .- XN), X (Xs, Xs+1 .- Xn), . X (Xs, Xs+1 -
1 2 s-1

a(X"(Xs, Xs+1 --- XN), X (Xs, X541 ... XN), .. X (Xs, Xs+1 -
1 2 s-1

b(X (Xs, Xg+1 ... XN), X (Xs, Xs+1 --- XN), . X (Xs, Xs+1 -

.. XN) , X8, Xs+1 ... XN) = F(Xs, Xg+1 ... Xn)
.- XN) 5 X8, X541 ... XN) = A(Xs, X541 ... XN)

.. XN) , XS, Xs+1 .. XN) = B(Xs, Xs+1 ... Xn)

P 2 -1 _
q(X"(Xs, Xs+1 .- Xn), X (Xs, X541 .. XN), .- X (Xs, Xg41 ... XN) » X8, Xg+1 ... XN) = Q(Xs, Xg41 ... XN) -

(6.2.4)
Now take first derivatives as shown in (6.2.5) to get this generalized version of (6.2.6),

Fs =0X's +0X3% +13X3s +..+ fs-1 X571 + fs
Fos1 = fiXse1 + £2X%s41 + F3X 341 + ... + fso1 X5 P41 + foun
Foiz = fiX se2 + £2X %602 + £3X3s42 + .o+ fso1 X5 Ly + fouz
Fy =0X'W +6X% +6X3y +..+ fso1 X5 + fy .

// N-S+1 equations (6.2.6)'

Requiring (xs, Xs+1 ... Xn) to be a "critical point", we set all the these first derivatives to 0 to get,
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lels + szzs + f3X3S + ...t fs_lXS_ls + fs =0
f1X s41 + F2XPs41 + F3X3g41 + ..+ fso1 X5 Pgp1 + fonn =0
f1X g4z + F2X2s42 + £3X 3542 + ... + foo1 X5 Tgin + foun =0

Xty X% XN fot e XSy + By

Il
(e}

// N-S+1 equations (6.2.7)

A similar set of equations is obtained for a,b,c...q. Just replace f—a, then f—b and so on. We shall not
write out all these equations as we did in (6.2.9). We have then S sets of equations, each set containing N-
S+1 equations. As in the sample case, we then reorder the equations to get first this group,

f]_Xls + f2X23 + f3X3s + ...+ fs_lxs_ls + fg =0
ales + azXzs + a3X3s +...+ as_]_XS_ls + ag =0
b]_Xls + bzxzs + b3X33 + ...+ bs_lxs_ls + bg =0
quls + quzs + q3X3S +...+ qs_lXS_ls + Qs =0 . //Sequations (6.2.10)'s

The next group has S—S+1 in all subscript positions. The last group has S—N, and here is that last
group,

fj_XlN + f2X2N + f3X3N + ..+ fs_lxs_ln + fy =0
3.1X1N + aZXZN + a3X3N + ...t as_]_XS_lN + ayn =0
b]_XlN + b2X2N + b3X3N + ...+ bs_1XS_1N + by =0
X'y +t X% XN ot qee1X® T+ au =0. // S equations (6.2.10)'n

So there are now N-S+1 groups of equations and each group has S equations each having S terms.
The next task is to write each set of S equations as a matrix equation. Here we do that just using the
abbreviated notation for the matrix. There are then N-S+1 matrix equations,

0 Xls
0 X%s
= (fl,f2, f3, fs_]_, fs)
0 X571
0 1
0 Xls+1
0 X2s+1
= (f1,12, f3, ... fs-1, fs41) .
0 D G
0 1
0000
0 X'y
0 X2y
= (fl,f27 f3, fs—l, fN) . (621 1)'
0 XS,
0 1
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We then argue as before that, to avoid the contradiction 0 = 1, the determinants of these SxS submatrices
must be zero,

det(fl,fz, f3, ... fs-1, fs) =0
det(fy,f2, f3, ... fg-1, f541) =0

det(fl,fz, f3, ... fs-1, ) =0
or
det(fy o, fs, ... fo-1, fm) = 0 m#123.81 | (6.2.13)

Finally, if we start off by eliminating the S-1 variables xj, X3, Xk.... Xy Where i # j #k....#r, we would find
that

det(fs fy, fx, ... fe, f) = 0 m#ijk.r . (6.2.15)'
Since this includes any possible SxS subdeterminant of the R matrix, we have then shown that all (N,S)

SxS subdeterminants vanish, and therefore rank[R(r)] < S when r is a stationary point of f(r) subject to
the constraints.
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Appendix A: Matrix rank equals the number of independent columns and rows

This Appendix proves our claim of (6.1.7) that, for a general m x n matrix M, the number of linearly
independent columns and the number of linearly independent rows are the same, and both numbers are
equal to the rank of the matrix. The reader will appreciate that this fact is non-obvious. Shilov proves it
but the proof is a bit spread out over several sections. Here we provide a self-contained alternate proof.
We first quote a series of square-matrix theorems that are proved from scratch in our Appendix B. These
are doubtless very familiar to the reader, but we just want to get them stated. The derivations of these

theorems may be less familiar.

Theorem 1: det(MT) = det(M). Switching rows with columns does not change a determinant. ~ (B.1.10)

Theorem 2: det(M) can be represented in these two ways, where ¢ is the permutation tensor (B.2.8) :

det(M) =Zajay.-- ag fajap- ag M1aMzay - Mnay (B.2.10a)
det(M) =Zajay ag fajap ag MajiMay2 - Magn - (B.2.10b)

Theorem 3: For a square matrix M, adding a multiple of one row to another does not change det(M).

The same is true for adding a multiple of one column to another. (B.2.12)
Theorem 4: Swapping two rows (columns) of square matrix M causes det(M) — - det(M). (B.2.13)
Corollary 4: If two rows (columns) of square matrix M are the same, then det(M) = 0. (B.2.14)
Theorem 5: det(AB) = det(A)det(B) (B.2.15)
Corollary 5: det(ABC) = det(A)det(B)det(C) and so on. (B.2.16)

Theorem 6 (Cofactor Expansions):

det(M) = X, Mgp cof(Mgn) =Zn (rs)n cof(Mgn) work across row s s=1,2..n (B.3.16a)
det(M) = X, Mps cof(Mps) =Zp (€s)n cof(Mps) work down columns s=1,2..n (B.3.16b)

, cC [cof M) cof(MT) ,
Theorem 7: M ™= det(M) = det(M) = det(M) for square matrix M. (B.4.8)
Theorem 8 (Cramer's Rule):
det(M[cs— y])
y = Mx = Xs = T;/I) (B.4.14)

To this list, we shall now add four new Theorems which will be proven right here. The definition of
linear independence and linear dependence is given in the discussion surrounding (6.1.6) and won't be
repeated here.
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Theorem 9: Columns of square matrix M are linearly dependent <> det(M) =0 (A.1)
Contrapositives: Columns of square matrix M are linearly independent < det(M) # 0

If we can prove Theorem 9 as stated, then the theorem is also true for rows. The reason is that swapping
rows and columns corresponds to M <> M™ and Theorem 1 says det(M") = det(M).

Proof of =: According to (6.1.6) and nearby discussion, our premise of linear dependence says that either
one or more columns of M are zero, or at least one column can be written as a linear combination of the
other columns, so perhaps ¢35 = Zjz5kse; . If a column is zero, det(M) = 0 from Theorem 6 going down
that column. If ¢5 = Zjzjkics, one can add -Xjzskie; to ey without changing det(M) according to
Theorem 3. But this makes the new column j vanish, so again det(M) = 0.

Proof of <=: Here we shall prove the contrapositive instead of the claim:

claim: det(M) = 0 = the columns of M are linearly dependent
contrapositive: the columns of M are linearly independent = det(M) # 0

If the column vectors ¢; of matrix M are linearly independent, then (6.1.6) says Xxi¢; =0 = x = 0.
Therefore we know that Xx;jMj; =0 = x5 = 0 which is the same as Mx = 0 = x = 0. Thinking of
M:E" — E", we claim that mapping Mx =y is one-to-one. Certainly each x goes into a single y, Could a 'y
map back into two different values of x, call them x and x' with x # x' ? Then Mx =y and Mx' =y .
Subtract to get M(x-x') = 0. But since Mz = 0 = z = 0 (as just shown), we find x = x' . Thus, the mapping
Mx =y really is one-to-one, and that means it is invertible and the inverse is unique. From Theorem 7 the
inverse is in fact given by M = cof(MT)/det(M). For M to exist, one must have det(M) # 0.

Another proof is very simple but perhaps less convincing. One can show (see our Tensor Analysis
document in Refs) that if a set of column vectors ¢; of matrix M spans an n-piped in E", the "volume" of
that n-piped is given by V = |det(M)|. If those vectors are linearly independent, then V # 0. This is
obvious in 2D (volume = area) and 3D but less obvious for general E”. For example, in 3D if a third
vector lies in the plane of the other two (is dependent), there is no volume.

Theorem 10 (mini-columns theorem). Let R be a subset of N rows of nxm matrix A, and let S be a
subset of columns {c;} in A. The matrix elements of A included in the intersection of these two sets form

a set of "mini-columns" {Cj;}. This set of mini-columns forms a matrix B within A. Matrix B could be
contiguous, or it could be non-contiguous in one or both directions. The claim and its contrapositive are:

(a) {Ci} linearly independent in B = {c;} linearly independent in A
(b) {ci} linearly dependentin A = {C;} linearly dependent in B (A.2)

Below we shall prove (b) which then implies (a). A picture is worth a thousand words. Here matrix B
happens to be contiguous in both directions :
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matrix A
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matrix B (4x4)
N=4
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*
*
"
"

(A.3)

Proof of (b): If the set {ci} is linearly dependent in A, then from (6.1.6) one can write X; s kic; = 0 with
k # 0. This is a set of m scalar equations (one for each row in A) which contains as a subset the set of N
equations Z; s ki Ci = 0 (one for each row in B). This last equation then says that the {C;} are linearly
dependent in B. There is of course a similar "mini rows theorem".

Theorem 11. If all kxk minors in k columns of matrix A vanish, the k columns are linearly dependent.
(A4)
Contrapositive: If k columns are linearly independent, they must contain at least one non-zero kxk minor.

. T .
Once proven for columns, replacing A—A" gives the same theorem for rows.

Proof: Assume matrix A has m rows and n columns. In order for kxk minors to exist, one must have k <
min(m,n). Gather up the k columns and make them be the leftmost k columns of a new matrix B. Since
these columns have m elements, and since k < m, add m-k arbitrary new columns to the right of the k
columns so that matrix B is then a square matrix. On the left below we show the k columns taken from
matrix A in red, and then the arbitrary added columns are shown in blue.

1 matrix B 1 ok
k> <k)»

(A.5)

Consider now the process of computing det(B) by going down the rightmost column using the standard
cofactor sum formula of Theorem 6. This det(B) is a linear combination of (m-1)x(m-1) minors all in the
left m-1 columns. Consider one of these minors. If we evaluate it using the same cofactor formula (of one
less dimension), it will be a linear combination of (m-2)x(m-2) minors in the left m-2 columns. We keep
going until we are evaluating a set of kxk cofactors in the left k columns. But these all vanish by the
theorem premise. Thus, reversing this logic we conclude that det(B) = 0. The picture on the right above
shows one minor at each level of the descent just described (red dot goes with red minor, etc).

Now suppose it were possible that the k red columns were independent. Since the added blue columns
are arbitrary, we could certainly find a set of added blue columns so that all m columns were independent.
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But then we would have det(B) # 0 by Theorem 9. But we just showed that det(B) = 0, so it must not be
possible to have the k red columns be independent, so they must be dependent.

We are finally ready for the Main Act. Recall first that :

Definition: The rank r of an m x n matrix A is the dimension of the largest non-vanishing minor within
A. [Shilov 1.92 ] Thus, r < min(m,n). (6.1.5) (A.6)

Theorem 12. For a general nxm matrix A, (A7)
rank(A) =1 < A has exactly r linearly independent columns

Once this theorem is proved for columns, it is also true for rows since rank(AT) = rank(A) by (A.6).

Proof of =: If rank(A) =r, A must have at least one non-vanishing rxr minor. Think of this minor being
a set of mini-columns as in Theorem 10. Since then det(minor) # 0, this set of mini-columns is linearly
independent according to Theorem 9. Thus, the set of corresponding full columns (those that pass down
through the minor) are linearly independent from Theorem 10 (a). So matrix A has at least these r
independent columns.

Now let k = r+1. Since rank(A) =r we know that all kxk minors in A vanish. By Theorem 11, any
set of k columns must be linearly dependent. Since k = r+1, any r+1 columns are linearly dependent, so
the number of independent columns is just r, the number of columns passing down through the minor.

Proof of «: If there are r linearly independent columns, then at least one rxr minor within those columns
must be non-zero (contrapositive of Theorem 11). Suppose there were an (r+k)x(r+k) non-vanishing
minor. Then the r+k mini-columns of that minor would be independent, and thus by Theorem 10 there
would be r+k independent full columns. But the theorem premise says there are only r independent
columns, so all minors larger than rxr must vanish. Therefore rank(A) =r.

Sometimes the number of linearly independent rows of a matrix is called the row rank, and the number
of independent columns is called the column rank. Theorem 12 and its row version show that

column rank = row rank = rank = dimension of largest non-vanishing minor (A.8)

Basis Minors and Basis Columns. If rank(A) = r, we know there must exist at least one non-vanishing rxr
minor in A. Shilov refers to such a minor as a basis minor and the columns passing through this minor
are called basis columns. We showed in Theorem 10 that the set of such basis columns is linearly
independent (which is why they are called basis columns). Obviously any of these columns can be written
as a linear combination of the basis columns, such as ¢o = Zi=1k kici =1 ¢ca. If k =r+1, all kxk minors
vanish and by Theorem 11 all sets of k = r+1 columns are linearly dependent. Thus, every non-basis
column is a linear combination of the basis columns. We have thus proved Shilov's Basis Minor Theorem
which we quote from section 1.93 of his book (p 25)

THEOREM (Basis minor theorem). Any column of the matrix A is a linear
combination of its basis columns. (A.9)

In his proof that column rank = rank, Shilov uses the above theorem as a starting point.
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Appendix B: Determinants

An alterative title for this Appendix might be "More than you really want to know about determinants".
We find it convenient to gather these Facts all in one place. Many of these Facts are used in Appendix A
where we prove other Facts about matrix rank which in turn are used in Section 6 to support our alternate
derivation of the Method of Lagrange Multipliers. It is hoped that the encapsulated presentation below
might be useful to the reader for other applications of determinants. Of special interest to us is that
permutations form a group which implies certain "rearrangement theorems" which in turn provide quick
proofs of many well-known and some lesser-known Facts about determinants.

B.1 Definition of the determinant

First, we define zg to be the n-component vector of increasing integers 1 to n,

zo=|"1. (B.1.1)

n

Let a be some permutation (reordering) of these integers, so write

a1 1
az 2

a= = A =Azo (B.1.2)
an n

where A is an nxn matrix which has 1's in the right places to create this permutation vector a. For

example,
1 1 1
a= Az, o 31=1]0 2.
2 0 3

The vector a can be obtained from the vector zog by making S, pairwise swaps of elements of zo.

0
0
1

S = O

Although S, is not unique, the number (-1)%2 is unique. For example, to get from (1,2,3) to (1,3,2) one
could swap the second pair so Sy = 1, but one could then swap the first pair twice and then S, = 3. This
number (-1)%2 is of course +1 and we shall call it the parity of the permutation a,

Parity(a) = (-1)%2 . (B.1.3)
Fact: Parity(Ca) = Parity(CAzo) = (-1)3¢*52 = Parity(c) Parity(a) = Parity(C 'a) (B.1.4)
Proof: Doing permutation CA involves first doing A with its S, swaps, and then doing C with its S¢

swaps, for a total of S,+Se swaps. The inverse permutation C™ obviously involves the same number of
swaps as the permutation C.
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Moving now toward the definition of the determinant of a matrix M, define (IT means "product")
II(a,b; M) = Map = Ma;p;Majp, ... Ma b, = productofn factors . (B.1.5)
The notation [1(a,b; M) is easier to deal with than Mp, but we shall use both these notations.
Suppose ¢ = Czg is some arbitrary permutation of zg. Then:
Fact: II(Ca,Cb; M) =TIl(a,b; M) (B.1.6)

Proof: Applying the same permutation to both the ax and by indices of Ma;p;Majypy -o-e Ma, b, merely

reorders the terms in the product but the product stays the same.
Fact: I1(a,b; MT) =TII(b,a; M) (B.1.7)

Proof: T(a,b; M™) = M%a;5;M a6, . MTa 5. = Mpbia;Mbgay - Mpoa, = Il(b,a; M).

We shall now define the determinant of an n x n matrix M in the following admittedly obscure manner
(later we will show that it reduces to more familiar forms),

1 1
det(M) = 7 ZaZp (-1)%"% T(ab; M) = 7 Za,p (-1)°2% My
1
= 7 ZaZb (-1)®¥" Ma;p,Magby oo Magby, (B.1.8)

Here £, means the sum over all permutations a of zg. In (B.1.8) the columns and rows of M are on a

completely equal footing. Notice that a and b are in effect dummy summation indices. If we do a<b, the
expression for det(M) is unchanged. Thus one can rewrite (B.1.8) as

]
detM) = <7 %p%a (-1)%p*Sa [I(b,a; M) . (B.1.9)

We are now ready for our first determinant theorem:

Theorem 1: det(MT) = det(M). Switching rows with columns does not change a determinant. ~ (B.1.10)

Proof: det(MT) = % Ty Za (-1)°0™Sa [1(b,a; MT) // (B.1.9) applied to MT
1
= 77 Zb Za (-2 T(ab; M) // (B.1.7) applied to MT
= det(M) // (B.1.8)
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B.2 The permutation group, the permutation tensor €, and expansions for det(M)

Definition. A set of elements {g;} form a group G if :
e gig5 is also in the group (closure)
e g; ! exists for each g; in G, where g; ! is also in G (inverse)

* (8183)gk = i(g;8k) (associative) (B.2.1)

Comment: It is implicit in the above definition that the group has some "operation" which gives meaning
to gigs, which we shall just think of as "multiplication". When group elements are represented by
matrices, that operation is multiplication of those matrices, and that will apply to the permutation group
below.

Fact: g;G =G (the rearrangement theorem) (B.2.2)

This says that multiplication of all the elements of a group by an element g; in the group creates a
reordering of the group elements. Here G is the set of group elements.

Proof. Consider g;G = g; [g1, €2....8n] = [gig1, Eig2....2ign| = set of n elements. Unless two elements
are the same, this must exhaust the entire group. How do we know that g;g; and g; g, might not be the
same? Apply g; "t from the left and that would say g1 = g» which is not the case.

Fact: g f(g) = X4 f(g12) if X4 runs over the entire group G (B.2.3)

Proof: In X4 f(g1g), as g runs over G, the argument g' = g1g runs over G by the above rearrangement
theorem. Thus, the sum Zq f(g1g) is just a reordering of the terms in the sum Xq f(g).

It is easy to show that the set of permutations of zo forms a group and therefore the above facts can be
used. For example, the product of two permutations is a permutation, and every permutation clearly has
an inverse, and (AB)C = A(BC) for any matrices. Fact (B.2.3) can be written

g f(Bzo) = =g f(CBzo) //'b =Bz

Here the sum Xp is over all permutation matrices which correspond to permutations b of zg, and C is
some arbitrary permutation matrix associated with some permutation ¢ of zg. An equivalent way of stating
the above involves a direct summation Xy, over all permutation vectors b of zg ,

3y f(b) = Xy f(Ch) . // permutation sum rearrangement theorem (B.2.4)

Throwing in the arbitrary permutation C merely causes a reordering of the sum. This is an extremely
powerful and useful fact. Consider then :
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1
det(M) = -7 Za[Zs (-1)5a%5p TI(a,b; M) ] // (B.1.8)
1
= 7 Za [Zp (-1)%"e T(AT'a,AT'D; )] //(B.1.6) with C= A7 A™ha = AT Azo = 7

1 } B} . i
= 7 ZalZp Parity(A 'b) M(zo,A™*b;M)] //(B.1.4)withC=A"randa=b

= # Ya [ Zp Parity(b) I(zo,b; M) ] // (B.2.4) with C=A"" (key step)

= Y Parity(b) Il(zo,b; M) // n! identical terms in X5

= X, Parity(a) I1(zp,a; M) // rename dummy sum variable

= Xa Parity(a) M1a;Ma2a, ...... Mna,, - // (B.1.5) (B.2.5)

Since det(MT) = det(M) from Theorem 1 (B.1.10), we can also write this result as

det(M) = X, Parity(a) Ma;1Mayz2 ...... Ma n (B.2.6)
Proof: det(M) = det(M*) =X, Parity(a) M*1a,;M"2a, ... MTna_ = Za Parity(a) Ma;1Map2 ... Ma_n
Here then are the last two results: ( recall that S; is the number of pairwise swaps to get from zg to a )

det(M) = X, Parity(a) M1a;M2a, ...... Mna, Parity(a) = (-1)52 (B.2.7a)
det(M) = X, Parity(a) Ma;1May2 ... Ma_n Parity(a) = (-1)%2 . (B.2.7b)

Definition: The permutation tensor &;4x. . (n subscripts) :

°c12...n =1

o for any index swap, € changes sign: €. .i..9.. =-€..§..i..
o therefore, if any two indices are the same,e=0 € i .i.. =-€. .i..i.. =0 (B.2.8)
Fact: If a is a permutation of zo, then €a,a,... a, = Parity(a) = (-2 = g,. (B.2.9)

Proof: Since indices a; represent a permutation of zo , it takes Sa swaps to get from €a;a,... a, t0

€123. . .n by the definition of €. In dense notation, one could say €5 = (—1)Sa €z -

Using (B.2.9) in (B.2.7) then gives these two classic det(M) expressions :
Theorem 2: det(M) can be represented in these two ways:

det(M) = Zajay- ag fajag- ag M1a;M2ay - Mna, (B.2.10a)
det(M) =Zajay ag fajap ag MajiMag2 - Magn - (B.2.10b)
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In dense notation, one could write the above as (a is now a vector),

det(M) = Zata Mzga (B.2.10a)
det(M) = ZaeaMaz, - (B.2.10b)'
0

In most applications, the following simpler notation suffices:

det(M) = Zape. .q €abe. .q MlaMZbMBC----an (B.2.11a)
dEt(M) = Yabe. .q €abc. .q MaleZMc3----qu . (B.2.1 lb)

Theorem 3: For a square matrix M, adding a multiple of one row to another does not change det(M).
The same is true for adding a multiple of one column to another. (B.2.12)

Proof: (rows) Suppose we replace r3 — r3 + a ra. This says M3; — Ma; + o Ma; . Eq (B.2.11a) says :
det(M') = Zape. .q €abe. .q MiaMop(M3sc + o M2c) ----an
=det(M) + o Zapec. .q €abc. .q Mi1aM2pMa2c ----an .
Since M1aM2pMac ....Mnq is symmetric under b<>c while €apc. .4 IS anti-symmetric, the extra o term
vanishes. That is to say, sum = Zpc ApcSbe = Zcb AcbScb = Zeb (-Abc)(Spe) = - sum = 0. Using
(B.2.11Db) this argument shows that ¢3 — ¢3 + o ¢z similarly does not alter det(M).
Theorem 4: Swapping two rows (columns) of square matrix M causes det(M) — - det(M). (B.2.13)

Proof: Let's swap rows 1 and 3 in M to get M'. Then from (B.2.11a),

dEt(Ml) = ZXabe. .q €abe. .q M3aM2bM1c....an

=ZXabe. .q [~ Ecba. .ql M3aM2pMic...Mnq /| swap a<>c on g

= - Xabe. .q €abe. .q M3cM2pM1a....Mnq // dummy rename a<>c
=-Zabe. .q €abe. .q M1aM2pMa3c....Mnq // reorder product
=-det(M) .

Using Theorem 1 that det(A) = det(AT), we then know that det(M'T) = - det(M7), so swapping columns 1
and 3 negates det(M). An obvious corollary follows if the two swapped columns have identical data :

Corollary 4: If two rows (columns) of square matrix A are the same, then det(M) = 0. (B.2.14)
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Here is one more well-known determinant theorem which again demonstrates the power of the
rearrangement theorem (B.2.4).

Theorem 5: det(AB) = det(A)det(B) (B.2.15)

Proof: Since we already use A in a = Azg , we shall prove det(XY) = det(X)det(Y) to avoid overloading
symbols. Note that Parity(a) Parity(b) = (-1)%2(-1)%p = (-1)5a*b = Parity(Ab) from (B.1.4). Then :

det(X)det(Y) =[ X5 Parity(a) I1(zo,a; X)] [ Xp Parity(b) I1(zo,b; Y)] /1 (B.2.5) twice
= X5 [ Xp Parity(a) Parity(b) Il(zg,a; X) II(zo,b;Y) ] // (B.1.4) used next line
=2a[ Zp Parity(Ab) [1(zo,a; X) II(Azo,Ab;Y) ] // (B.1.6) with C = A
=% [ 2 Parity(Ab) [1(zg,a; X) Il(a,Ab;Y) ] /l Azg=a
=% [ Parity(b) [I(zp,a; X) Il(a,b;Y)] //(B.2.4)withC=A
= Y Parity(b) X5 I1(zo,a; X) I1(a,b; Y) // move X5
= Y Parity(b) X I1(zo,b; XY) // see below
=det(XY) . // (B.2.5)

The idea here is to get a in the right place on both II's so that
2a H(zo,a; X) I(a,b; Y) =X a5y a, X1a7X2ap «ovo Xna, YajbjYaoby oo Yayb,
= XL ajap- ap (X1a3 Yainy)(X2ap1 Yagby)---(Xnap Yapby)
= (XY)1b; (XY)2by .. (XY)np, = I(zo,b; XY)
which in dense notation one would write as
Xa XzgaYab = (XY)zgp -

Corollary 5: det(ABC) = det(A)det(B)det(C) and so on. (B.2.16)

Proof: det(ABC) = det(A[BC]) = det(A)det(BC) = det(A)det(B)det(C) .
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It is not hard to slightly generalize the results of Theorem 2 to obtain :

Theorem 2A: Ifb is a permutation of zg, then det(M) can be represented in these two ways:

det(M) = €b1by-+ by, 23132"' ap €ajag-- ap Mb1a1szaz ...... Mbnan (B.2.17a)

det(M) = €b1by--- by 23132"' ap €ajaz- ap MalblMazbz ...... Manbn . (B.2.17b)

In dense notation, one could write the above as (a and b are now vectors),

det(M) = epXa€aMpa (B.2.18a)
det(M) = epZa€aMap . (B.2.18b)

Since &2 = 1, one can move &, to the left side of these equations, so in the dense notation,

epdet(M) = Za€aMpa (B.2.19a)
epdet(M) =X eaMap . (B.2.19b)

Equations (B.2.19) are valid even if b is not a permutation of zg. In this case one has 0 = 0.
For the special case b = zg Theorem 2A reduces to Theorem 2 since €z5 = €12. . .n = 1.

Proof of Theorem 2A: We shall prove (B.2.17a) and then (B.2.17b) follows by taking M—M" and using
det(MT) = det(M).

det(M) = X, Parity(a) I1(zg,a; M) // line 6 of (B.2.5)
= X, Parity(a) I1(Bzg,Ba; M) // (B.1.6) with C =B
= X, Parity(Ba) Parity(b) [1(Bzo,Ba; M) // Parity(Ba) Parity(b) = Parity(a)
= X, Parity(a) Parity(b) I1(Bzg,a; M) // (B.2.4) that 2, f(Ba) = Z, f(a)
= Parity(b) X, Parity(a) [1(b,a; M) //'b =Bzg
= E€p1by-- by Zajag-- ap €ajag-- ap MbjagMbjay - Mbjap // (B.1.5) and (B.2.9)
=¢&p 2a €a Mpa - // previous line in dense notation (B.2.20)

Here it is assumed that B and hence b is associated with a permutation of zo, In this case, (e5)? = 1 so one
can move &, to the left side to get

epdet(M) = Za €a Mpa . (B.2.21)
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In this form, the equation is valid whether or not b is a permutation of zg . If in b = (b1,b2...b,) the b; are
arbitrary elements of the set {1,2,...n} where two or more b; are the same (that is, b is not a permutation
of zp), then X5 €ajap... ay Mbja;Mbyay .. Mppa, = 0 by symmetry. For example, if by = bz then

S = Ya €ajas- ap MblalelaZ Mbnan

= Za €agaj- ay MbjapMbiag - Mbpa, // rename dummy indices a; <> ap
= Za [-€ajap- ap | MbjajMbjap - Mbja /1 (B.2.8) for € and slide Mp, a, to the right
= - Zaaalaz... aanlalela2 Mbna =-S = S=0. (B.2.22)

So in this case the right side of (B.2.21) is zero. But from (B.2.8) g, = 0 so the left side is also zero.

Reader Exercise: Prove that

1igeee ip = i ,A(d JA(Lg) ... ... (A(in) - o
€qig-. ipdet(M) = Xa parity(A) M1, a(i;)M2,a(i,) Mn,a(ip) (B.2.23)

Proof in dense notation:

eidet(M) =e3¥a€a Mgy, a // this is €; times usual expansion (B.2.7a)
= parity(I) Za parity(A) Mz, ,az, /l a=Azg
= parity(I) Za parity(Al) Mz, a1z, // rearrangement theorem Xaf(A) = Xa f(Al)

= Xa parity(A) Mz, a1 /1i=1zg QED
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B.3 Minors, Cofactors, and the Cofactor Expansions of det(M)

Definition: The minor of a matrix element Mys is the determinant of the submatrix of M obtained by
crossing out the r*® row and the s* column. It is a challenge, however, to write this out in symbols. Let's
start with a more detailed version of (B.2.11a), where the a; are column summation indices,

det(M) =ZXaja5a3a4a5. . .a, €ajapaszagas. . .ap M1a;M2a,M32:M4a,Msag -..... Mna,, - (B.3.1)
We shall make the following conjecture for the form of minor(Mz3)

minor(Msz) = (-1)*2 Zajapagas...an Sajarzagas...an MiaM2aMaagMsag .. Mna,  (B.3.2)
Compared to det(M) shown in (B.3.1), we have made these changes :

e Removed the factor M3a, ( since row-3 matrix elements cannot appear in minor(Msz) )

e Removed the sum over as.
e Replaced a3 by the number 2 on the ¢ tensor.
e added a sign factor (-1)3 2,

Notice that since there is a 2 on the € tensor, any time a summation index a; = 2 there is no contribution
since then the € tensor has two indices the same, so in effect the value 2 has been removed from all the
residual summations a;. That is good, since column 2 is supposedly "crossed out" in minor(Msz). The
factor (-1)>72 is added so that the "diagonal term" in the minor will be positive. This sign (-1)*2 gets
used up if we slide the "2" to its natural position (position 2) on the € tensor,

minor(M32) = 2a1a2a4a5. ..ap faj2ajagas...ap M1a1M2a2M4a4M5a5 ------ lv[nan . (B33)
The diagonal term in minor(M33) is then positive, matching the mechanical crossing-out method,

€12345. .0 M11M22M44Mss ... Mnn = + M11M22M4g4Mss ...... Mnn - (B.3.4)
A more compact notation for (B.3.2) would be

. 3-2

minor(Msz2) = (-1)7° Za;,i#3 €a;,a3=2 [liza (Mi,a;) - (B.3.5)

Starting over, we could show similarly that

minor(Maz) = (-1)*7? Sy, iz4 €ag,az=2 Hiza Mi,ay) - (B.3.6)

We now have a sign factor (-1)*"2 because the "2" on ¢ has to be slid 2 positions to get to its natural
location (position 4 on €). More generally we can say

minor(Ms2) = (-1)°7% Za; ,i#s €ay,ag=2 Ilizs (Mi,a;) (B.3.7)
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where the slide is now s-2 places. Still more generally we find, replacing 2 by r,
minor(Msz) = (-1)*F Za;,izs €ay,ag=r Hizs (Mi,a;) . (B.3.8)
This then is our "best form" expression for a minor of matrix element Mg,. Either sign will do, since
(-DST = (-D)¥F(-1)%F =(-1)5"F since (-1)%* =1 .
Choosing the + sign in (B.3.8) and putting (—1)err on the left side we get,
(-D®** minor(Msr) = Za;,i#s €aj,ag=r Hizs (Mi,a;) - (B.3.9)
The left side here is called the cofactor of Mgy, written cof(Mg,). Thus we have shown that
cofMsz) = (-1)*** minor(Msz) = Zay,its €a;,ag=r Ilizs Mi,a;) - (B.3.10)

Fact: Neither minor(Msy) nor cof(Mgy) are functions of the Mg, matrix element of M! In (B.3.10) this is
so because: (1) row s is excluded in ITi£s(Mj , a;); (2) az = r is excluded by the factor €a;  ag=r . More
intuitively, this is so because to get minor(Mgy) we "cross out" row s and column r. Thus,

Ocof(Msy) ~ Ominor(Msy) ] EUT 1
Mey M., =0 or any pairr,s in 1,2...n . (B.3.11)

Finally, suppose we replace r with an integer which we call as. Doing this causes
€a;,ag=r — £aj,ag=ag — €aj — fajagagas...a, = thenormal ¢ tensor form . (B.3.12)
Then (B.3.10) becomes the following,
cof(Msag) = (-1)°*** minor(Msa,) = Za;,i¢s fay Iigs (Mi,a;) - (B.3.13)
Now start again with det(M) of (B.3.1) and rewrite it in our compact notation:
det(M) = Zajajazagas. . .a, Cajajazagas. . .an M1a;M2a,M3a3Maa,Msag ... Mhna,
=2a; €a; [Ii(Mi,a;) // next, extract the as sum and its Msa factor :
=2ag Msag [Za;,its €ay Hizs (Mi,a;)] /I next use (B.3.12) to get
= Zag Msag [cof(Msag)]  // next, change summation index from as to n

= ¥4 Mgn cof(Mgn) . // valid for any s in 1,2..n (B.3.14)
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This is the cofactor expansion of det(M) where one "works across row s" and n is a column index.
Another form of this expansion is

det(M) = det(M?) = 2, MTgn cof(M”sn)
= Xn Mps cof(Mps) (B.3.15)
and in this form one "works down column s" where n is now a row index. We have just proven :
Theorem 6 (Cofactor Expansions):

det(M) = £, Mgy cof(Mgn) =Zn (rs)n cof(Mgn) work across row s s=1,2..n (B.3.16a)
det(M) = X, Mps cof(Mps) = Zn (€s)n cOf(Mns) work down columns s=1,2..n (B.3.16b)

The term "cofactor" presumably arose because each sum term consists of a "factor" Mj 4 and a "co-factor"
which cooperates with the factor to make the sum, as coauthors cooperate to write a book. A common

notation is to define M*J = cof(Mj 5) and then the cofactor expansions become

det(M) = n MgaM>"
det(M) = £, MasM™S .

Although compact, this is not so handy for tensor notation with its up and down indices (see Lucht Ref).
B.4 Expressions for the inverse matrix M and Cramer's Rule
Consider the expansion (B.3.16a) working across row s,

det(M) = X, Mgn cof(Mgn) - (B.4.1)

Suppose we replace the elements of row s (Mgp) with the elements of some other row r in M (Myp). In
doing so we have created a new matrix, call it M'. Notice that cof(M'sp) = cof(Mgsn) because, although
going from M to M' we have altered row s, we have not altered cof(Mgy) since this depends only on the
entries in all the rows other than row s (think "crossing out" row s for minor(Mgy) ). See Fact (B.3.11)
and text above. Therefore we find,

det(M') = Xy M'sp cof(M'sp) = Zn Mien cof(Msp) . (B.4.2)
But by Corollary 4 (B.2.14) det(M'") = 0 since two rows of M' are the same. Thus

0=2n Myp cof(Mgp) . r#s (B.4.3)
Combining this with (B.4.1) gives,

%n Mgn cof(Men) = det(M)3; s . (B.4.4)
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Now for clarity define a cofactor matrix C in this manner

Csn = cof(Mgn) . (B.4.5)
In matrix notation, we could define the matrix cof(M) to be matrix C and then

C = cof(M) = Csn = [cof(M)]sn =cof(Msn) . (B.4.6)
Now (B.4.4) says

2nMrp Con = det(M)dy, s
or

YaMin CTas = det(M)3;,
and finally in matrix notation,

MCT = det(M) 1

or
T

M[m] =1. (B.4.7)

Therefore we find this classic square matrix inversion formula,

} ok [cofM)]T  cof(MT)
’ “detM) ~ detM)  det(M) - (B.4.8)

Theorem 7: M

To verify the last equality in (B.4.8) consider :

= [cof(M)]%ns = [cof(M)]sn // meaning of transpose
= cof(Man) // (B.4.6)

= cof(M%s)

= [cof(M™)]ns // (B.4.6) applied to M”

and therefore we have this matrix identity,
[cofM)]T = [cof(MT)] . (B.4.9)

Using (B.4.8) it is trivial to solve a non-singular (detM#0) system of linear equations y = Mx :

- 1 1
y = Mx = x=M1 y :det(M) cofMT) y = m [cof M)]*y . (B.4.10)
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In components,

1 1 1
Xs = Gotn) Zn ([CofM)TF)sn Yo = Gorgy Zn Yo [cofM)lne = Gy Zn Yo c0fMas) . (B4.11)

Now recall the cofactor expansion (B.3.16b),
det(M) = Zn Mns cof(Mns) = Zn (€s)n cOf(Mps) . (B.4.12)
If one replaces column ¢ in M by y one gets
detM[es— ¥]) = Zn yn cofiMps) // (B.4.12)
= det(M) xs . // (B.4.11) (B.4.13)
Solving this for xs we obtain another classic result,
Theorem 8 (Cramer's Rule, 1750): // Gabriel Cramer (1704-1752), Swiss, made it to age 47

y=Mx = xgw. (B.4.14)

Comment: Names of Matrices

Historically the matrix CT = [cof(M)]T = [cof(MT)] was called the adjoint of matrix M and was often

denoted by M and then (B.4.8) reads Mt = N/ [M|. But this then conflicted with another usage, namely
the matrix MT = (MT)" = (M™)T being the adjoint of M (the conjugate transpose of M). When M = M,
M is said to be self-adjoint and has significance in quantum (matrix) mechanics: the quantum operators
of all physical observables are self-adjoint and thus have real eigenvalues. Nowadays the matrix
[cof(M)]” is called the classical adjoint of M, while M is then the Hermitian adjoint (or Hermitian
conjugate) of M and is sometimes written M®. If M = M then M is said to be Hermitian. Historically
when [cof(M)]T was the adjoint of M, M?' was called the associate of M. The classical adjoint sometimes

appears as the adjugate or adj(M). Transpose matrices MT are often denoted M .
On a related matter, some older authors used the word minor to refer to what we now call a cofactor.
See for example Morse & Feshbach page 509. These authors never use the word cofactor.
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Appendix C: The Intersection of Constraint Surfaces

In the proof of Theorem 3 in Section 6.2 (a) we rely on our ability, at least in theory, to eliminate X3, X2,
x3 from the three constraint equations shown in (6.2.3).

1
a(x1, X2, X3, X4, X5, Xg) =0 x1 = X" (Xa, X5, X6)
2
b(x1, X2, X3, X4, X5, Xg) =0 = X2 = X“(Xa, X5, X6)
3
(X1, X2, X3, X4, X5, Xg) =0 X3 = X (X4, X5, X¢) - (6.2.3)

How does one know this is possible? The equations might be very complicated, some of the coordinates
might not appear in some of the equations, and so on.
We look first at three examples in E® then in Example 4 we return to our question.

Example 1: Consider these two constraint equations in E3, this is the same example as appears in (1.9
LExample 1 q p pp

a(X1,X2,X3) = X12 +x22+x3%-2% =0
b(x1.x2.x3) = (x1-2)” + x2% + x3% - 2% =0. (C.1)

Each constraint represents a sphere of radius 2 and so is a 2-dimensional smooth surface in E3. The first
sphere is centered at the origin, while the second has its center at (2,0,0). Subtracting the first equation
from the second gives -4x1+4 = 0 so x1= 1, then inserting this into both equations gives

1+x22+x32-2%2=0
1+x22+x3%-22 =0 = x2+x32=3 andxy=1. (C.2)

The intersection of the two constraint surfaces is a circle, a 1-dimensional smooth surface in E3.

Given a(x1,X2,x3) = 0 and b(x1,X2,Xx3) = 0, is it possible to eliminate x; and X from the two constraint
equations? The answer is yes, as follows,

x1=X(x3) =1

x2 = X3(x3) =+1[3 - x32 . (C.3)

The following schematic drawing shows the intersection surface in red,

X3

a=0 b=0

X2 (C.4)
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Notice in this example that there are two possible solutions for X,. One can regard the intersection surface
(the circle x2 + x3% = 3) as having two pieces (front half, back half) and the + sign selects one of these
pieces.

It is easy to imagine more complicated examples for two constraints in E* where perhaps one or both of

the constraint surfaces contain disjoint pieces (e.g. a hyperboloid), and where the intersection surface also
has several disjoint pieces (ellipsoid intersecting a hyperboloid) .

Example 2: Consider these two constraint equations in E3:

a(X1,X2,X3) = X1° +x2° +x3%-2% =0
b(Xl,Xz,X3) = X22 + X32 - 12 =0. (CS)

The second equation is missing the x; coordinate. The first equation describes the same origin-centered
radius 2 sphere of the previous example. The second equation is that of a circle of radius 1, but as a
function of three variables it is in fact a cylinder whose axis is the x; axis. If X2 and x3 lie on the circle,
any value of x; satisfies the second equation. Missing coordinates result in surfaces which are "extruded"
in the dimensions of the missing coordinates. Subtracting the second equation from the first gives x12 - 3

=0sox1= i’\ﬁ , then inserting this into both equations gives

3+X22+X32-22 =0
X22+X32-12 =0 = X22+X32=1 and X1:f\/§. (C.6)

Given a(x1,X2,Xx3) = 0 and b(x1,X2,x3) = 0, is it possible to eliminate x; and Xz from the two constraint
equations? The answer is yes, as follows (the signs are independent),

X1 = Xl(X3) = i’\/;
Xo = X2(X3) =4 \/1 - X32 . (C.7)

The following schematic drawing shows the intersection surface in red,

X3
2

BTN
G |

X1

% b=0

X2 (C.8)

In this example there are two possible solutions for x; and two for x, so overall there are four solutions.
The intersection surface consists of the two circles each having a front half and a back half.
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Example 3: Consider these two constraint equations in E3:

a(X1,X2,X3) = X12 + Xz2 + x32 222 =
b(x1,X2,X3) =X12 + X2 -12 =0. (C.9)

Now x3 is missing from the second equation instead of x;. Subtracting the second equation from the first

gives x32 - 3 =050 X3 = f\ﬁ , then inserting this into both equations gives

x12 +x22+3 -2%2 =0

X12 + x52 12 =0 = x:2+x2=1 and X3=i’\/§. (C.10)

Given a(x1,X2,x3) = 0 and b(x1,X2,x3) = 0, is it possible to eliminate x; and X from the two constraint
equations? The answer is yes, as follows, where a is an arbitrary real parameter in [-1,1],

X1=X1(X3=f\/§):a -1<a<1
X2 =X2(X3=i'\/§)=:l:'\/1 -0? . //thetwo+ signs are independent (C.11)

In the previous two examples the argument x3 was a free parameter whose variation mapped out the

smooth constraint intersection surface piece(s). In Example 3 x5 is fixed at f\/§ and a new parameter o
must be introduced to map out the intersection surfaces. There are again four solution half-circles.

The following schematic drawing shows the intersection surface in red,

X3
b=o| |
== 3
a=0/
\ 1 2 X1
5
X2 (C.12)
Example 4: Now consider these three constraint equations in E®:
a(X1, X2, X3, X4, X5, Xg) =0
b(x1, X2, X3, X4, X5, X¢) =0
c(x1, X2, X3, X4, X5, Xg) =0 . (6.2.2) (C.13)

We assume that each equation describes a smooth surface of dimension 5 in E® (each is a hypersurface)
and each surface may have several pieces. In a problem with constraints, one assumes that there is some
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non-null surface of intersection of all the constraint surfaces. This intersection surface may have multiple
pieces and each piece (barring degenerate cases) is itself a smooth surface of dimension 3 in E®. A
candidate solution point r must lie on one of these intersection surface pieces. In general, each constraint
knocks down the dimension of the intersection surface by one degree of freedom.

So let us assume that x4, X5, Xg are the last three components of some point(s) on the overall
intersection surface. Each such point of course has some X1, X2, X3 components. If x4, X5, X¢ are varied
slightly, x1, X2, x3 will also vary slightly, and this is what we mean by writing the functions

x1 = X*(Xa, X5, Xe)
x2 = X?(xa, Xs, Xe)
X3 = X3(Xa, X5, X¢) - (6.2.3) (C.14)

If the intersection surface has multiple pieces which have the same x4, X5, Xg value, then any of the three
functions X" above may be multi-valued, as occurred in our earlier examples. Conversely, if we select a
triplet x4, X5, Xg for which there are no points on the intersection surface, the solution x1, X2, X3 does not
exist. We don't care about such points in E®.

So this then is what we mean in Section 6.2 (a) when we say above (6.2.3) that one can use the three
constraint equations to eliminate the three variables X3, X2, X3. In the concluding equations (6.2.11) one
can regard the functions X', X2, X3 as being any of the multi-valued functions just discussed if the
intersection surface has multiple pieces. For example, we had in (6.2.11) that

0 f1 f2 f3 fy x%,

o a3 a2 as ag X2,

0] b1 bz bs by X3, partof (6.2.11) (C.15)
0 c1 C2 C3 Cq 1

and here X14 refers to (8/6X4)X1(X4, x5, Xg) evaluated at coordinates x4, X5, Xg for some candidate
solution point r on the intersection surface. The fact that the matrix in (C.15) must have zero determinant
is not affected by the possible existence of multiple solution X*, X2, X3 functions.

Notice that the derivatives appearing in the matrix are also unaffected by the possibility of multi-
valued functions for X*, X2, X°.

In the same manner as above, we can "eliminate" any triplet of variables x;, X3, Xx (1 # j # k) from the
three constraint equations (C.13).

In the general case where there are S-1 constraints and r has N components x1,X5...xy with N > S, the
dimensionality of the intersection surface is N - (S-1) in EY. The conclusions of the Theorem 3 proof
outlined in Section 6.2 (b) are similarly not affected by the possible existence of an intersection surface
having multiple pieces and the functions X™ possibly having multiple values.
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Footnote: Why is a(x1, X2, X3, ...xy) = 0 an (N-1)-dimensional surface in EN ? (C.16)

This fact probably seems obvious to the reader and is certainly obvious in the first three examples above.
Here we attempt a simple "engineering" explanation.

We assume that a constraint equation is a "smooth" equation, meaning it is continuous and differentiable
in all its arguments except perhaps at certain isolated locations which can be handled on an ad hoc basis
either by fiat or by taking limits. Consider that, since a(r) = constant (namely 0), da =0 so

0=da =X;-;Na;dx; , /l a; = a;i(r) = ai(X1, X2, X3, ...XN) (C.17)

where a; is usual means 0a/0x;. Let r be some point for which a(r) = 0. At this point we shall assume that
there exists at least one ag(r) which is non-zero. If all a;(r) = 0, then from (1.2) that r is a point on a

surface which has a null normal vector, which is not possible, so such an r value could not lie on a(r) = 0.
Then (C.17) may be written

dxs = (1/ag) Ti4s azdx; . (C.18)

Create a coordinate system whose origin is located at this point r for which a(r) = 0, and whose axes are
aligned with those of EN. Now imagine an arbitrary tiny displacement of all the dx; other than dxs. For

this set of N-1 dx; there is only one possible dxs which causes the point r + dr to satisfy the equation
a(r+dr) =a(r) + da= 0+ 0 = 0, where dr = (dx3, dx>.....dxy). That one possible dxs value is that given by
(C.18). Imagine repeating this process for a continuum of values for the dx; other than dxs, and in each
case we obtain the unique solution dxs from (C.18). We can think of the xs axis as being "vertical" and all
the other axes being "horizontal" inasmuch as they are all perpendicular to the xg axis. The vectors dr
generated in this manner comprise a tiny patch of a "plane" of dimension N-1 (a hyperplane) in E" which
contains the point r. This is so because Z;=1" a;dx; = a  dr = 0 is the equation of a plane in EN passing
through our origin at r with a being that plane's normal vector. More generally, fi o r = d is the equation
of a hyperplane in E® having a unit normal i and whose closest approach to the origin is distance d.

Thus at a point r satisfying a(r) = 0 we have constructed a tiny neighborhood of nearby points r
which also satisfy a(r) = 0. This neighborhood is a patch of a hyperplane in EY which is certainly a piece
of "surface" in E" having dimension N-1. By repeating this process using a mesh of points r; satisfying
a(r;) = 0, we then map out a triangulated polyhedral surface of dimension N-1 in EN. In the limit the mesh
size goes to 0, we arrive at a smooth surface of dimension N-1 in EY and that surface is a(r) = 0. The tiny
planar patch at any point on the surface is part of the "tangent plane" to the surface at that point.

The constraint a(r) = 0 is assumed to be "locally smooth" in the immediate region of any point r on
the operational constraint surface, so a small local planar region (an open set) can be constructed around
any such point. This is the basic idea of a surface being a manifold M, and the set of vectors in the tangent
plane of a point r on M comprise the "tangent space" of M at r, usually denoted by T M.

(C.19)
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Appendix D: Lagrange Multipliers in Classical Mechanics

Here is an outline of this Appendix showing the equation number nearest the start of each subsection:

Constraints and virtual displacements (D.1)

Assumption that constraints do no virtual work (D.11)
Comment on internal forces (D.13)
First Application of Lagrange Multipliers: the forces of constraint (D.13)
Summary of the above Lagrange Multiplier Application (D.25)
Generalized coordinates, generalized forces, and Lagrange's Equations (D.27)
Footnote: Derivation of the result (D.31) used above (D.40)
Second Application of Lagrange Multipliers: non-holonomic constraints (D.49)
The Case of C holonomic constraints treated as if they were non-holonomic  (D.55)
Footnote: Carry out the S = 0 functional variation of the action (D.56)

Our main focus in this document is the use of Lagrange Multipliers to find candidates r for which a scalar
function f(r) is stationary, df(r) = 0, subject to constraints. In this Appendix, however, we consider
applications of Lagrange Multipliers which relate to classical mechanics for a system of N particles in the
presence of constraints. In this case the function f(r) with r lying in EV is replaced by a functional f(¢)
where the @ lie in a space of functions. The goal is to find the functions @ which create a stationary point
of the functional, and one writes this as 6f(@) = 0.

A certain amount of background information is required to put these applications into context, which we
now present.

Constraints and virtual displacements

Let ri(t) be the position of the k™ particle of an N particle system in 3 dimensional space. At any fixed
time t, if the particles are unencumbered with constraints, the variables (r1, rz..... ry) can be regarded as a
single point in the space E3N and the "configuration space" of the system indicated by (r1, ra..... ry) is all
of this space E3N. All points in E3 are "legal" points for the system.

A holonomic constraint has the form
a(ry, ra..... 5, t) = 0. (D.1)

At a given time t, this equation represents a surface of dimension 3N-1 in E3N. If there are s such
holonomic constraints

aj(ry, ra..... 1y, t) =0 1=1,2...8 (D.2)

then at time t the system vector (ry, r»..... ry) is constrained to lie on a surface of dimension 3N-s in E3N,
as discussed in Appendix C, so each extra constraint lowers the operating surface dimension by 1. One
can think of the term holonomic as meaning that the constraints are functions of "whole" coordinates like
r2 as opposed to differential coordinates like dra.

The constraints which appear in (1.7) are holonomic constraints of the form a(x1, X2, ... Xn) = 0.
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A non-holonomic constraint is one that is not holonomic. An inequality constraint like a(ri, rs..... Iy, t) <
0 which might bound the particles to one side of a surface is an example of a nonholonomic constraint,
but our interest lies more in nonholonomic constraints of the form

Zk=1N bxe dry + bedt =0 (D3)

in which differentials rather than "whole" coordinates appear. The "coefficients" by and bt can in general
be functions of (ri, rs..... ry, t). If it happens that such a constraint can be integrated by some hook or
crook to give an equation of the form a(ri, rs..... rx, t) = 0, then it is regarded as being a holonomic
constraint, so a non-holonomic constraint must be non-integrable. If there are m such non-holonomic
constraints imposed on a system, one could write them as (second line is a velocity constraint),

2k=1N Ajredry +Azedt =0 i=12.m
or (D.4)

Y= Ak o+ Aje =0 i=1,2..m .

Here bolded Aj;y represents 3 matrices each of which is m x N (rows x columns). Since these constraints
are non-integrable, one cannot really described them in terms of surfaces in E*~,

If one differentiates the holonomic constraints (D.2) one gets

=1 [V ai] e drg + [Oras] dt=0 i=12.s
or (D.5)
=iV [V®ai] e fy + [0eas] =0 i=1.2.5s
where V®'= (6/6(r)1, 0/6(rk)2, 0/6(ry)3) is a gradient with respect to the components of ry. These
equations have the same form as those in (D.4), but these are holonomic because they are integrable to

give a;(ry, ra..... ry, t) = 0.

For convenience below, we shall now combine (D.4) and (D.5) into a single set of equations,

Tr=1" Bix ® dri +Biedt =0 i=12..C // C =s+m
or (D.6)
Tk=1" Bix ® Ix +Bit =0 i=1.2..C,
where
Bix = Aix Bit = Ait fori=1.2...s non-holonomic
Bix = V®™ay Bit = Otas fori=s+1,s+2..C holonomic . (D.7)

In general, the functions a;, Bix and Bj¢ are all functions of (ry, r2..... Ik, t).
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In the above we have followed the notation of Ray and Shamanna (2006) and we continue our path in
the manner they propose.

Suppose the set of N differentials {dry} satisfies all of equations (D.6) for some time interval dt. Such
a set {drx} is then called a set of allowed displacements. Imagine that {dr'x} is some other distinct
allowed displacement set. Elements of the difference set defined as

{orx} = {dry} - {dr'x} k=1,2..N (D.8)
are then called virtual displacements. This is how Ray and Shamanna define the vague term virtual

displacement which appears in many texts (about which they have much to say in their Section I A). It
follows then that for any virtual displacement set {orx} equations (D.6) take this form

Yr=1" Bix ® drx =0 i=12..C (D.9)

simply because the last term in (D.6) cancels out when one writes drx = dry - dr'x. Notice that the dry are
not arbitrary differential displacements. They are differences of allowed displacements.

Meanwhile, Newton's Law for a system of N particles subject to constraints has the form
mk'r'k = Fx + Rx k=1,2..N (DIO)

where Ry is the sum of all constraint forces applied to particle k and Fy is the sum of all other forces
applied to particle k.

Assumption that constraints do no virtual work

Next, assume that ( Ray and Shamanna and others refer to this as being an "ideal constraint" situation),
0= Zyp=1" Ry @ ry . (D.11)

In Goldstein this equation corresponds to setting the second term in (1-40) to zero. The main justification
for making this assumption is that it is valid for particles which form a rigid body and for many other
constraint situations. There seems to be no general justification of this equation for al/l constraint
situations, and it is certainly not valid if friction is present. The equation can be interpreted as saying that
the total virtual work done by all the constraint forces on all the particles of the system vanishes.

As a first simple example, consider two particles 1 and 2 independently sliding down a frictionless
static ramp. In this case for particle 1 the constraint force R is the normal force of the ramp acting on the
particle, and this is clearly perpendicular to dr; for any allowed displacement set {dry}, and thus Rj is
also perpendicular to any or; which is part of any virtual displacement set {0ry}. In this case we have
Rje or; = 0 and Rye dry = 0 so the terms in (D.11) are separately zero.

A second example is more interesting. Particles 1 and 2 of arbitrary masses accelerate down (or up) a
one dimensional ramp but are glued to the two ends of a massless stick so they comprise a rigid body. The
upper mass is attached to a string which provides a constant tension T. Here is a picture (for mz = 2m;y),
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myNs = moNy

T 1119
12=- my+ms
A1, = A, = osmf - T
1z 2z = 1111+1112 | |
zeRy =Ty,
ze Ro=- Tis
(D.12)

Particle 2 exerts a constraint force T12 on particle 1 through the stick, and Particle 1 exerts a constraint
force To1 on particle 2. Since the stick is massless, To; = -T12 (T121tT21= msticka). All allowed
displacement sets {dri, dry} are of the form {dr, dr}, and therefore all virtual displacement sets are of
the form {dri, orz} = {or, or}. In (D.12) we have drawn the two normal forces N; and the two total
constraint forces Rj. It is no longer true that R;e 6r; = 0 and Rye 6rz = 0 as the picture shows. However,
it is true that Tx=1% Rk ® 8rx = [ Zx=1® Rx ] ® 8r = 0 because R; and R; have equal and opposite
components along the ramp, so equation (D.11) is valid for this example.

Now suppose the ramp is translating in some direction not along the ramp. The displacements dr;=
dry are then no longer along the ramp so that 2k=12 Ry o dri # 0. However, any virtual displacement set
would still have dr; = 6rz along the ramp and then again Zk=12 Ry ¢ orx = 0. Remember that a virtual
displacement set is the difference of any two allowed displacement sets, and in this subtraction the effect
of the ramp translation cancels out. So equation (D.11) is still valid.

Other examples are given in Ray and Shamanna Section III.

Reader Exercise: Derive the equations shown in (D.12). Show that things makes sense at 6 = 0, n/2,
and also for cases m;—0 and mz—0 . (Use F; =mjg + R1+ T, F2 =mag + Rz, a; =ay.)

Comment on internal forces

In (D.10) we have classified the forces acting on particle k into two groups and we write Ry + Fy, where
Ry are "constraint" forces and the Fy are any "other" forces. Goldstein refers to the Fy forces as "applied"
forces in (1-39), while Ray and Shamanna call them "external" in Sec I'V. Consider a system consisting of
N masses all connected by a network of massless springs. The force acting on particle k due to all the
springs to which it is attached would be best classified in the Fy "other" category. Were we to classify this
force into the Ry group, we could not use the no-constraint-work property (D.11) since spring forces do
work as the springs compress and expand. An example of such a system is the Solar System where the
spring forces are represented by gravity. It would seem a misnomer to classify the internal forces in this
case as "applied" or "external". However, if all the springs are slowly adjusted until they become
infinitely stiff, in that limit it would be better to classify the internal spring forces into the Ry constraint
forces group, since these springs do no work and (D.11) applies. The system is then a "rigid body" and in
this case, with the internal forces classified as Ry constraint forces, one benefits from the many
simplifications which arise for rigid body mechanics. The internal forces in our spring example fall into
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the category where F;5 = - F5; and Fj 5 is in the direction r;i- rx . When this is not the case, the rigid body
limit does not apply, but the internal forces can still be classified as "constraint" plus "other".

First Application of Lagrange Multipliers: the forces of constraint

Recall the C = m+s constraint equations (D.9),

Y1 Bix @ dr =0 1=1,2..C. // C = m+s = total number of constraints (D.9)
Multiply each of these C equations by a Lagrange Multiplier A; and then add the equations to get

0=2i=1%%; [Zk=1" Bix @ dr] =0

=Yk [ Zi=1€As Bix]e ork. (D.13)

Now subtract equation (D.13) from (D.11) [ 0 = Zx=1" Ry ® dry] to get

0=2p=1" [ Ry - Zi=1As Bix] @ ory . (D.14)
We know that the N vectors in the set {0rx} are not linearly independent because they must satisfy the

equations (D.9), so we cannot claim from (D.14) that [ Ry - 23215 A3 Bix] = 0 for each k. But now write
out equation (D.14) in full detail, showing all vector components,

0=Sp=1" Z421° [ (R)3 - Ziz1® A (Biw)3] (Brx)s . (D.15)
Next, relabel the 3N terms in this sum using a single index n defined in this way
(kj) =(1,1), (1,2), (1,3), (2,1), (2,2), (2.,3),.......... (N,I), (N,2), (N,3)
n =1, 2, 3, 4 5 6, 3N-2, 3N-1, 3N
SO (D.16)
n=3(k-1)+j k = 1+ Int[(n-1)/3] j=1+Rem][(n-1)/3] .
Then define (here the n value is implied by the k,j labels as per above)
Xn = (Ik)3 Rn = (Rk); Bin= (Bix)j - (D.17)
Equation (D.15) can then be expressed as
0=2n=1"" [ R - 521 A4 Bin] 8%n (D.18)

and (D.9) becomes 0 = Zy=1" Zj=13 (Bix)j (Orx)5 or

0= Zne1" Bin 8Xn i=1.2..C . (D.19)
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Once again, we cannot set the square brackets in (D.18) to 0 because the 3N coordinates 0x, are not
linearly independent due to the C equations (D.19).

At any given time t, due to these equations (D.19), there must exist at least one subset of the 3N variables
dxn which are independent and the remaining C dx,, are dependent. Assume that the dependent variables
have indices n = nj, ny,..nc. Consider then the following set of C equations involving the dependent-
term square brackets in (D.18),

[ Rn - Zi=1c 7»1 Bin] =0 n-=nj, np,..Nc . (D20)

This represents C linear equations in the C parameters A; so, when all is said and done, there must exist a
set of values {A;} which make these C equations be true. We assume these values will be A;(t) and this is
justified below when the full set of equations is considered.

Now the terms in (D.18) indicated by n = nj, n,...nc all vanish due to (D.20), so (D.18) can be written,
0= Zn#ny,ny, ... .nc [Rn- z:i=1C Ai Bin] 0Xn . (D.21)

But all the dx, appearing in (D.21) are independent, so the square brackets here must also vanish. We
then end up with al/l the square brackets in (D.18) being 0 (assuming the correct solution values of 1),

[Rn-Zi=1°Ai Bin] =0 n=1.2..3N
or
Rp= Zi=1° A Bin n=12...3N
or
(Ri)3 = Zi=1%As (Bix)j k=12.N =123
or
Rx= Zi-1%As Bix k=12.N . (D.22)

Thus the constraint forces are certain linear combinations of the Bjx constraint functions shown in (D.7).

Meanwhile, Newton's Law (D.10) says that myax = Fx + Ry where the Fy are the non-constraint forces
for the problem. Inserting (D.22) gives

. c Asx i=1 to m (non-holonomic)
Mirx=Fr+Ziz1° AiBix Bix = { v (k) a;] i=m+l to C (holonomic) (D.23)
The problem is then summarized in the following set of equations from (D.23) and (D.6),
myVi(t) = F(ry, ra..... ry, t) + Yi21C Ai(t)Bik(ry, ra.....ry, t) k=1.N 3N equations
F(t) = vi(t) k=1.N 3N equations
Y= Bik(ry, ra..... y, t) ® Fe(t) + Big(ry, ra..... ry, t) =0 i=12..C . C equations
(D.24)
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This can be regarded as a set of 6N+C scalar first-order ODEs in the single variable t for the 6N+C
unknown scalar functions ri(t), vk(t) and A;(t). Although the first 3N equations happen to be linear in the
Ai(t), the equations are in general non-linear in the ri(t) so this is then a non-linear system of ODE's.
Nevertheless, a well-known existence theorem (e.g., Ince Section 3.3) states that, provided the Fy, Bix
and B functions are continuous and differentiable in all their arguments, a unique solution exists for any
set of initial values rg(0), vi(0) and A;(0). As (D.22) shows, the A;(0) are related to the constraint forces
at time 0.

The uniqueness of the solution agrees with our intuition that a physical system will evolve in a unique
manner. Finding an analytic form for the solution might not be possible, but a numeric form can always
be obtained.

Summary of the above Lagrange Multiplier Application

We have used a set of Lagrange Multipliers as an aid to solving a mechanics problem involving N
particles with C constraints. As already noted, the above presentation is based on Section IV of Ray and
Shamanna. The steps were as follows, considered more generically:

1. One has a sum Zp=1"Rp8x, = 0. (D.25)

2. One also has a set of sums Zp=1"'Bindxn = 0 for i = 1,2...C with C <N (constraints in the above case).
This implies that one can find C of the 6x, which are linearly dependent on the other 0xy,.

3. If A3 are C arbitrary factors, certainly Ei=1cki(2n=1NBin8xn) = (0 based on 2. These A; are
"Undetermined Lagrange Multipliers".

4. Subtract sum 3 from sum 1 to get the new sum Zn=1N[ Rp-Ziz1As Bin] 8xn, =0.

5. The C A; are selected so that [..] = 0 in the C dependent dx,, terms of this sum. The remaining sum has
only independent 6x, terms so [..] = 0 for all those terms as well. Then a// [...] = 0 in the sum of step 4.

6. The conclusion is that [ R - X;A; Bin] =0 for all n, assuming the solution A; values of step 5.

In contrast with our main topic of finding stationary points df = 0 of a function f(r), in the Lagrange
Multiplier application just presented there is no explicit function f(r) we are making stationary. On the
other hand, one can regard (D.11) that ZxRy e 6rx = 0 as the statement 6W = 0 where W = ZxRy o dry is

the total differential "virtual work" done by the constraint forces during a differential virtual displacement
{6ry}. Using Newton's law (D.10) this equation can then be written

0=0W= Zx[mygay - Fx] o Oorx // D'Alembert (D26)
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in which form it is known as D'Alembert's Principle (1743, Goldstein (1-42)). The analog of f(r) is then
an action-type integral W of the differential virtual work which integral one renders stationary to get 6W
= (. The notion of "the action" is discussed at the end of this appendix.

We now present another application of the Lagrange Multiplier technique outlined in (D.25). As before, a
certain amount of background is needed before the application can be demonstrated.

Generalized coordinates, generalized forces, and Lagrange's Equations

Usually the Cartesian components of the particle positions ry are not the most convenient variables to use
in solving a problem. Angles are often more useful. With C holonomic constraints one can replace the 3N
variables {xp} in (D.17) with some set of 3N-C independent variables {qn} where

Xn = Xa(q1, 92, -...q3n-c,t) n=1,2..3N (D.27)

and one can then rework the above presentation in these new generalized coordinates q; which then
won't always have the dimensions of length. For example, one then has, for virtual displacements,

8%n = 321" %(Oxn/q3) 595 n=12.3N
or

Sy = 321" (Ory/0q3) 893 k=12.N // as in Goldstein (1-44) . (D.28)
The usual presentation of Lagrangian dynamics with holonomic constraints avoids dealing with the forces

of constraint and also avoids the need for using a set of Lagrange Multipliers. That presentation appears in
Section V of the Ray and Shamanna and Goldstein p 17 (and many other places) and proceeds like this:

1. Start with XxRx e drx = 0 in (D.11) which we write in the form of D'Alembert's Principle (D.26)
mentioned above,

0= Zp=1" [myay - Fi] ® 8ry (D.26)
where Fy is the total non-constraint force acting on particle k.

2. Install (D.28) into D'Alembert's Principle to get

_o,Ory
0 = Zy=1" [myay - Fi] @ 251" C(@Tb_ )34
- ark 8rk
= 2J'=13N € { Ti=n"myeay .8qu - Tg=1" Fx @ (8qu)} 845
3N-C N Org
= Xy=1 { Zx=1 mkak'aTqj - Q3 } 095 (D.29)
where

N 6rk
Q3= Zk=1 Fx o (5 ) - (D.30)

93
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The Q5 defined above are the generalized forces associated with the generalized coordinates q5 .

3. Make use of the following non-obvious result (derived in Footnote below starting at (D.40)),

ox d or T

N A _ oL
Yg=1 mMgage dq; _ dt (ac.lj ) - 243 (D.31)
where T is the total kinetic energy of the N particles,
T=(1/2) Zx=1" my (Vi ® Vi) . (D.32)
Then (D.29) reads,
c.,d or oT
0= 25" c{a(ac.lj)-aﬁqj-Qj} 3q; - (D.33)

Since the 6q5 are independent variables, {..} =0 and we end up with one form of "Lagrange's Equations"

T T
%(a. ) - 887 = Qj j=12...3N-C . // as in Goldstein (1-50) (D.34)
aq;3 J
If the "other" forces can be derived from a potential V(r1, ra, ..... ry) such that
Fx =- V‘k)‘l)(rl, ra, ... ry) k=1,2..N // no t or F; dependence in V (D.35)

then from (D.30),

N

j=1,2....3N-C D.36
q; ] ( )

Ory oV Orx
Q3= Zyer Fy *(Ggs) ™ Tye=n" (Brg)*Ggs) ="

where V(qi) = V(rk(qi)) is a function of the generalized coordinates q;. Since V is not a function of the

. ov . . ov .
i we know that ——= 0. Using this fact, and (D.36) that Q3 =— a , (D.34) can be written
3

0q3
d AT-V)  &T-V) .
i ) ) - o - 0 . j=12..3N-C (D.37)

The last step is to define the classical Lagrangian
L=T-V (D.38)

to obtain

109



)-2. =0 j=12...3N-C . // as in Goldstein (1-53) (D.39)

which is the more conventional form of "Lagrange's Equations" with C holonomic constraints. The
equations of (D.39) are usually called the Euler-Lagrange Equations.

oL .
One can define generalized (canonical, conjugate) momenta p; = —_ so the Lagrange equations

q;
. . oL . (@ oT _ 1 . 2
(D.39) are just py = a orp =V'¥L. IfV=V(qs), then pj= aT and then if T = ) Yxmg(x” one has
J qj
. . . _ ov._ oL . . o
the familiar result p; = m3q5. When T =T(q3) one finds Q5 = - a = a = pjso p=Q, whichis the
3 3

generalized Newton's Law in terms of generalized coordinates and generalized forces.

Footnote: Derivation of the result (D.31) used above

Define the 3N-C independent generalized coordinates q; as in (D.27) according to
Iy = l’k(ql, q2----q3N—C,t) = l‘k(qi,t) . (D40)
Compute the total time derivative of ry ,

o _dre _ Org 095 , Ore Ore . , Or

Vie= =g = 350, o t 5 < Ejaquqﬁg : /1= vi(Qs, Q1. t) (D.41)

Then based on this result compute these two partial derivatives of vy,

Ovg ry . ry
84s ~ *33q:00; 43" Gasot (D42)
ov or
o (D.43)
aqi qi
Next, the total kinetic energy of all k particles is given by (D.32),
T=(1/2) Zx mg (Vg ® Vk) (D.32)
so that
T ov or
87 =My Ve @ & = Temyvi e a—’_‘ : // using (D.43) (D.44)
6qi 8qi Ji
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Apply d/dt to the above, with ay = Iy :

d oT or d or
a(a(.l_): kakak°a_qk + Tk mg vk 'E(aT;) . (D.45)

i

Compute the total time derivative appearing in the second term,

d Ork re &%ry
at Gg;) = %3 84309 B T 2t dgs - (D-46)
Meanwhile,
o _ Ovk
a4 = Zk Mg Vg © a4
2l‘k N zl‘k
= Ek Mk Vk © [Ej aqlaq] qj + aqlﬁt] // (D42)
d Org
= Xx Mg Vg ® a(?h) . // (D.46) (D.47)
Subtract (D.47) from (D.45) to get
d oT oT ory
- - = X Y D.48
at g, ) "oqr T Temeaxe 5o, (D-48)

which is the result quoted above in (D.31).

Second Application of Lagrange Multipliers: non-holonomic constraints

This is our final Lagrange Multiplier example, and it exactly follows the generic prescription of (D.25).
The general topic is well described in Goldstein Chapter 2.

As the starting point we invoke Hamilton's Principle which is this :
t2 .
8S=0 where s= [ o L@, &a0.1)  n=12..M (D.49)

where there are M independent generalized coordinates qn. The notation is a shorthand to imply that L is
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a function of all the qq(t) and all the dn(t) functions. One might better write L({qa(t)}, {da(t)}, t ) Where
the {..} indicate sets.

L = T - V is the Lagrangian (D.38) with T(q;) and V(qi) being the kinetic and potential energies
associated with the M generalized coordinates. We shall assume that M = N-D where there were D
holonomic constraints on N initial problem coordinates. As shown in (D.61) below ( or see Goldstein p 41
(2-20") based on p 37 (2-15) ) the equation dS = 0 results in the following sum being 0,

©2 8L
1.

}] 3qn(t) =0 . (D.50)

The number 1. on the left refers to the first step outlined in (D.25). In this equation the dqn(t) are M
independent functions of t ("path variations"), restricted only by dqn(t1) = 9qn(t2) = 0. In order for (D.50)
to be true for M arbitrary independent functions 6qn(t), one must have {} =0,

4L, &L _, n=12.M (D.51)

which are the Euler-Lagrange Equations (D.39). Thus it is that the Lagrange Equations can be derived
from Hamilton's Principle in the case of only holonomic constraints.

But suppose that in addition to the D holonomic constraints there are C non-holonomic constraints, so
only M-C of the 8qy, are independent. In this case the above conclusion (D.51) is incorrect.
2. The C non-holonomic constraints result in C sums X, Api 0qn =0 1= 1,2...C analogous to (D.9) above.
3. If A; are C arbitrary factors, certainly Z;iA;i(ZnAindqn) = 0 based on 2. These A; are "Undetermined

t2

Lagrange Multipliers". Then 'ftl dt (ZiXiXnAindqn ) =0 as well.

4. Subtract sum 3 from sum 1 to get the new sum

Zi=1c AiAin } 10qgn(t) =0 . //asin Goldstein (2-26) (D.52)

n—l Jltzd { dt

5. The C A; are selected so that {..} = 0 in the C dependent dqn(t) terms of this sum. The remaining sum
has only independent dqn(t) terms so {..} = 0 for all those terms as well. Then a/l {...} =0 in the sum of 4.

6. The conclusion is that

L
g ( 8— = %ic1NiAiun . n=1,2...M . //asin Goldstein (2-30) (D.53)
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This then is the corrected form of the Euler-Lagrange Equations in the presence of C non-holonomic
constraints. Recalling from (D.7) that B;jx = Ajx for non-holonomic constraints, the second line of
(D.22) with Bipn = Ain reads R, = ¥:21°AiA4n . Thus one can interpret the sum on the right of (D.53) as
being the force of constraint Ry arising from the C non-holonomic constraints. The forces of the D

holonomic constraints are already incorporated into the left side of (D.53) in the reduction of independent
coordinates qn from N to M = N-D.

The integral S shown in (D.49) is called "the action" and Hamilton's Principle is a classical mechanics
incarnation of the Principle of Least Action. In relativistic quantum field theory the action is a spacetime
integral of the Lagrangian density L(¢n(x"), 0u¢n(x")) where the coordinates qn of L are replaced by
fields @n(x*), and t is replaced by x*, a point in spacetime. In this case the Lagrange Equations (D.39)
take the form (the second line is for comparison),

oL oL
a_ip ( 2(00n) )- 6—% =0 where O, = a_ip // Bjorken and Drell (11.30) (D.54)
d oL oL .
a (g) “ g O t—x" n(t) = @n(x") Ga(t) = Open(x") (D.39)

The Case of C holonomic constraints treated as if they were non-holonomic

Suppose there are N generalized coordinates q; with C holonomic constraints and 0 non-holonomic
constraints. As noted in (D.6) and (D.7), the holonomic constraints can be written in differential form so
they look just like non-holonomic constraints. For generalized coordinates qn these two equations would
appear as

Yn=1" Bindqn + Biedt =0 i=12..C // C =s+m
or (D.6)'
Yne1" Bindn +Bie =0 i=12..C
where
Bin = Ain Bit=Aj¢ fori=12...s non-holonomic
Bin =0a3/0qn Bit = 0ta; fori=s+1,s+2...C holonomic . (D.7)

Setting s = 0 we can carry out the procedure of the previous section with A;y replaced by 0a;/0qx to
obtain this version of (D.53) rendering the action S stationary,

oL . oL _ c, Oas _
)5 = Tinh o n=12..N (D.55)

d
dt ( ac.ln

where the Lagrange multipliers A; are chosen to make this equation be valid for a set of C dependent gy,
coordinates, as in Step 5 above. Only N-C of the coordinates qn are independent but the equations are
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written for all N coordinates. Here the functions ai(qi, q2, .....qn, t) = 0 are the C holonomic constraint
equations.

Footnote: Carry out the 6S = 0 functional variation of the action .

The variation in each function qq(t) is parameterized in terms of an arbitrary independent function na(t)
(but which vanishes at both time integration endpoints) and one scalar parameter o :

Oqn
An(t,0) = qn(t,0) + o Nn(t) 3qn(t) = a Nn(t) EV Nn(t) Nn(t1) = Nn(t2) =0
. . ° o o 661;, o
dn(t,a) = qn(t,0) + a Na(t) Oqn(t) = aNn(t 20 Na(t) . (D.56)
Then
t2 o .
S(a) = fﬂ dt L(gn(t,0), da(t,a), t) // action (D.49)
t2 oL 8qn oL 6qn t2 oL oL dnn
:f dt % (Gg- 20+ )—f L4 (G + 50 (D.57)
Oqn Jn
But for the second term do a parts integration,
oL dnn t2 d JL
[ %S nn(o M- [ e o)1 (D.58)
0 0g 9

The "parts" terms vanish since n, vanishes at both endpoints, so (D.57) becomes,

02 oL d aL
_ f R T (D.59)
SO
2 oL d aL
= J. dt %, (aq dt
02 oL d aL
= f dt %n (5 a0 (D.60)
Then,
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2 JdL d JL
0S=0 dt o[ (7 - 3 a(t)] =0.
o [ daml(a i, ) 0]
or (D.61)
2 JdL d JL
0S=0 dt o[ (7 - 5 dqn(t) ] =0.
SN LEC)

But the functions dqn(t,a0) = any(t) are arbitrary and independent functions of t, so the integral can only
vanish if the function in the parentheses vanishes for each term in the sum on n, so

oL d JL
0S=0 = (5an_ a@qn )=0, n=1,2..m (D.62)

which are the Euler-Lagrange Equations (D.39) and (D.51). For more detail see Goldstein Chapter 2.
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